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First year Vocational Bridge course-MATHEMATICS

Question Bank
1.FUNCTIONS
1.1fA={0,2 1,5, i}and f:A—B
f(x)=cos x then fmd B.
2.1fA={-2,-1,0,1,2} and f:A—>B
f(x)=x2 +x+1 then find B.
3. If f={(1,2), (2,-3),(3,-1)} then find
(i)2f  (i)f2  (iii)f+2 (iv]VE
4. If f=(4,5)(5,6)(6,-4) and g=(4,-4)(6,5)(8,5) then
find (i) f+g (if-g  (iii)2f+4g (iv) f+4 (v) fg
(V|)§ Wii)VE (Vi) f]  (ix) £2 (x) £3
5. If f(x)=2x-1 and g(x)=x? then find (i) (3f-2g)(x)
(ii) (fg){x)  (iii)—= (X) (iv) (f+g+2)(x)
6. If f(x) = 1—? then show that f(tan 8)=cos 268 marzo
7. 1f f(x)=log [ 2’;2):2f(x)
8. If f(x) =4x-1; g(x)=x2+2 then find (i) (gof)(x)
(i) go(fof)(0)  (iii) (gof)a::—1 (iv) (fof)(x)
9. f(x) =2, g(x) =x2, h(x) =2x then find (fogoh)(x)
10. If f(x) = ax+b then find f(x)
11. If f(x) =5*then find f*(x)
12. If f(x) =2x-3, g(x)=x3+5 then find (fog)™(x).
13. If f(x) = = then find (fof)(x)
14. If f(x)= ,g(x) Vx then find (gof)(x) and g\/f(x

15.1f A={1,2,3,4} and f:A—R and f(x) = X% then

find the range of f
2. MATHEMATICAL INDUCTION

(model)
(Mar19)

1. Prove that 1+2+3+..... +n:n(n2+1) using
mathematical induction.

2. Prove that 12422432+, .+n?= w using
mathematical induction. ’

3. Prove that 13423433+, +n3= LD using

mathematical induction.

4. Prove that 1+3+5+....+2n-1=n? using
Mathematical induction.

5.Prove that a+(a+d)+(a+2d)+....+a+(n-1)d
=§[Za+(n-1)d] using mathematical induction.

n_
6. Prove that a +ar +ar?+....+ar™~ ( ) using

mathematical induction.
7. Prove that 3+3%+33....

Mathematical induction.

8. Prove that 1.2.3+2.3.44+3.4.5+...n terms '
_n(n+1)(n+2)(n+3)
4

3M= %(3”—1) using

using mathematical induction.

11
9. Prove that—+—+—+
13 35 5.7

Mathematical induction.

n .
. N terms=——using
2n+1

10. Provethat—+—+—+
4 47 7.0

Mathematical mductlon
11. Prove that 247+12+...

Mathematical induction.
12. Prove that 43+83+123+.....+n terms

=16n%(n + 1)? using Mathematical induction.

13. Prove that .t ...+
12 23 34

Mathematical induction.

14. Prove that 2+3.2+4.22....

Mathematical induction.

15. Prove that 2.3+3.4+4.5+..4 n terms=

using Mathematical induction.
3. MATRICES

0 4 0 2
_2] and B= [7 1 then find A+B

3 3 2 1
1]andB [1 2 3 then find 3B-2A

2 1 -2
4], B=[ 0 1 —1]then find A-B and
6 -1 0 3

n .
. h terms=——using
3n+1

n(n 1)

(5n-3) = using

n
=——usin
n(n+1) n+1 &

n terms=n2" using

n(n?+6n+11)
3

1. |fA=[f

2. IfA=[é

0
3. If A=[2
4

U1 W =N N O

4B-3A.

_[2 31 _I1 2
4. IfA'[e -1 5] s B‘[o -1
find the matrix X.

7;] and A+B-X=[0] Then

5. Find the trace of the matrix[2 -1 5
1

] then find AB and BA

1 3 —5]

2 3
12
ATS

0
1 2

2 2
1] then find A

6.1t A<l >]andB=[_

8.1f A<[ f‘;] and A2=[0] then find K.

2 2

9. IfA=[2 1 2} then show that A2-4A-51=[0]
2 2 1

10. |fA—[1

11. IfA—[ 5

12.1f A—[

1
2
-1
1

0] then show that A?=-|
3] then find A+AT
then find A.AT

231

T
4 ] then find 2A+B

13.If A= [ ]
14. I A= [ c ]thenfmdAAT

1 2 3

15.If A=[ 2 5 6] is a symmetric matrix, find the
3 x 7

values of x.

16. A=[ et Sma]then show that A.AT=]
—SIino cosQ

17. |fA=[§ 8] then verify that (A + B)T=AT+BT

175 31 (2 -1 0

2 4 0}; B—[O -2 5]thenfind3A-4BT
_ . p— H T

19.IfA7[ ],Bf[_1 2]thenfmdBA

1 2
707 4 AT
20.1fA=[ ° 7] thenfind AA

18. If A=
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. . 12 1
21. Find the determinant A—[41 _5
22. Find the determinant A:[g j]
23. Find the determinant of A=L§ 711]
2 -1 4
24. Find the determinant of A=| 0 -2 5]
-3 1 3
0 1 1
25. Find the determinant of A=|1 0 1]
1 1 0
2 -1 4
26. Find the determinant of A=|4 -3 1]
1 2 1
[ 1 4 2]
27. Find the determinantof | 2 -1 4
-3 7 6l
1 0 -2
28. Find the determinantof [3 -1 2
4 5 6
12 22 3%
29. Find the determinant of |22 32 42
132 4?2 52
a b c
30.Find the determinant of [b c a]
c ab
a h g
31.Find the determinant of [h b f]
g f ¢

1 o o

32. Find the determinant of | o o 1 ] where
0w 1 w

1,w,w? are cube roots of unity.

1 0 0
33.Findxof |2 3 4f=45
5 —6 x
1 -1 2
34.Find| 3 0 4
-4 -2 5
a—b b—c c—a
35.Provethat[b—c c—a a—b|=0
c—a a—b b-c
b+c c+a a+b a b ¢
36. Provethat(c+a a+b b+c|=2[b ¢ a
a+b b+c c+a c ab
b+c c+a a+b
37.Provethat|a+b b+c c+a
a b o
= a3+ b3 + c3-3abc
a—b—c 2a 2a
38. Prove that 2b b-c—a 2b |
2c 2c c—a—>b
=(a+b+c¢c)?
39. Prove that
a+b+2c a b
c b+c+2a b =2(a+b +¢)?
c a c+a+2b
1 a a°
40. Prove that |1 b b2|=(a-b}{(b-c)(c-a)
1 ¢ c?
1 a? a®
41. Prove that |1 b2 b3|=(a-b){(b-c)(c-a){ab + bc + ca)
1 ¢ ¢3
a b ¢
42.Show that [a? b? ¢?|=abc(a-b)(b-c)(c-a)
a® b 3
1 a a’-bc
43, Showthat|1 b b2—cal=0
1 ¢ c¢?—ab

ax by czj|ja b ¢
44. Show that (2 y? z?|= y z|without
1 1 1tlyz zx Xy
expanding the matrix
45 1F A=[S0 % TSN then find A1
Sllél()(3 cosa
46.1fA=[1 4 3|then find Adj (A)
1 3 4
-1 -2 =2
47.1f A—[ 2 1 —2] then show that Adj A=3AT |
2 -2 1
3 -3 4
48.1f A=[2 -3 4|then find A3=A"?
0 -1 1
1 -2 3
49, IfA=[ 0 -1 4] find (AT)~*
-2 2 1

50. Solve the following system of equation using
matrix invariant.
X-y+3z=5; 4x+2y+z=0; -x+3y+z=5
51. Solve the following system of equation using
matrix invariant.
2x-y+3z=8; -x+2y+z=4; 3x+y-4z=0
52. Solve the following system of equation using
matrix invariant.
3x+4y+5z=18; 2x-y+8z=13; 5x-2y+7z=20
53. Solve the following system of equation using
Cramer’s Rule.
X-y+32=5; 4x+2y-z=0; -x+3y+z=5 L.
54. Solve the following system of equation using
Cramer’s Rule.
2X-y+32=9; x+y+z=6; X-y+z=2
55.Solve the following system of equation using
Cramer’s Rule.
2X-y+32=8; -x+2y+z=4; 3x+y-4z=0

485 VECTOR ALGEBRA
1. Let a=T+2j+3k and b = 31+ 7 find the unit vector
in the direction of a+b
2. If the vectors —31+4j+1k and p1+8j+6k are
collinear then find A and p.
3. If the points whose position vectors are
31-2]-k, 21+37-4k,—1++2k and 41+5]+1k are

-146

coplanar then show that 4 = TR

4. If OA=T+]+k, AB=31-2J+k, BC=1+2]-2k and
CD=21+]+3k. Then find the vector OD

5. Let a=21+4]-5K, b=T+j+k and ¢ = j+2k. Find the unit
vector in the opposite direction of a+b+c. ,

6. OABC is a parallelogram, if OA =a and OC =c. Find
the vector equation of the side BC.

7. Find the vector equation of the plane passing
through the points T-2J+5k,-5]-kand-3 1+5).

8. If a=61+23+3k and b= 21-9j+6k, then find the
angle between the vectorsaand b.

9. If|a|=11, |b|=23 and |a — b|=30. Then find the
angle between the vectors 3 and balso find

[a+ bl.
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10. If the vectors A1-3j+5k and 2A1-Aj-k are

perpendicular to each other, find A.

11.If 2=213+3k and b=1-3]-5k. Find the vectorc,

such that 3, b and € form the sides of a triangle.

12. If |al=2, |b|=3 and |c|=4 and each of 3, b and ©

are perpendicular to the sum of the other two

vectors then find the magnitude of a+b+c.

13. Find the area of the parallelogram for which the

vector . 2=21-37 and b=31-k are adjacent sides.

14.1f 4T+§7+P12 is parallel to the vector T+2j+3k.

Find the value of P.

15. If |a|=13, |b|=5 and a.b=60. Then find |aXb|

16.If a=71-27+3k, b=21+8k and ¢ = T+J+k, then

compute axb, axc and ax(b + ©). Verify whether

the cross product is distributive over vector

addition.

17. If a=319+2k, b=—T1+3j+2k, c=41+5]-2k and

d=1+3J+5k. Then compute the following.

(i) (axb) X( cxd) (i) (axb). c-(axd).b

18. If the vectors a=21J+k, b=1+2)-3k and

c=31+PJ+5k are coplanar, then find P.

19. Find the equation of the plane passing through

the points A(2,3,-1), B(4,5,2) and C(3,6,5)

20. Find the shortest distance between the skew

lines r=(61+2j+2k)+t(1-2j+2k) and

r=(-41-k)+s(31-23-2Kk)

21. Simplify the following

(i) -27+3k)X(21+5-k). G + k)

(i) 21-37+k). (T— 7+ 2k)X 21+ T + k)

22. Find A in order that the four points A(3,2,1),

B(4,1,5), C(4,2,-2) and D(6,5,-1) be coplanar.

23. Find the volume of the tetrahedron having the

edges T++k, I-] and T+2]+k

24.Compute [T—] T—k k-—1]

25. 1f a=(1,-2,1); b=(2,1,1) and ©=(1,2,-1) then find

|ax(bxc)|and |(@xb )xt|

26. If a=21+2J-3k, b=31.J+2k, then find the angle

between (2a+b) and (3+2b).

27. Simplify the following

(a) (1-27+3K)X(214]-K)x(J + k)

(b)( 21-3)+k). (T—7 + 2k)x(21+7 + k)

28.1f 3, b, Tare non coplanar vectors, then find the

(a+2b—c)[(a—b)x(a—b—0)]

[a b d
6. TRIGONOMETRIC RATIOS AND FUNCTIONS

1. Find the value of

cos 225°- sin 225°+tan 495°- cot 495°

2. Find the value of sin? Z+sin? 2Z+sin? Z4sin? 2=
10 10 10 10

3. Find the value of

c0s%45°+c0s?135°%c0s%2225%c0s2315°

. . 2T 51t
4. Find the value of sin? St cos? —-tan

value of

231
4

tan 610°+tan 700°

5. If tan 20°=P, then prove that
tan 560°—tan470°

_ 1-P?
1+P2 s
T 31 1 71 91t
. Show th — — — — —=1
6. Show t atcot20c0t20cot20c0t20c0t20
tan 160°—tan 110°
1+tan160°tan110°

7. If tan 20°=2, then prove that
_1-2%

oo

8. Prove that (sin 8 + cos 8)2+(cos 0 + sec 8)2-
(tan?B+cot?8) =7

(1+sin 6-cos0)? _1-cos6

. Vi . =
9. Prove that (1+sinB+cos0)2 1+cosO
2sin@

10. If ——————==xthen prove that
1+cos0+sin@
1—-cos6+sin 6
T 1tsing
11. Show that cos*a+2cos?af(1
12. Prove that
2(sin®6 + cos®8) — 3(sin*0 + cos*6)+1=0
13. Prove that
(tan 0 + cot 0)% = sec?0 + cosec?0=sec?0 . cosec?0
14. If tan?6=1- e2then show that
sec O+tan0 cosec 6=(2 — ez)%
15. Prove that
3(sinx — cos x)*+6(sin x + cos x)2+4(sin®x+cos®x)=13

tan 6+ 0—-1 1+sin©6
16. Prove that ———— =0
tan 6-sec 0+1 cos B

17. If 3sin B+4cos 6=5 then find the value of
4sin 8-3cos 6.

18. If 3sin A+5cos A =5 then show that

5sin A-3cos A=+3

19. If a cosB -b sinB= C then show that

asin®+b cosd =++aZ + b2 — 2

20. If cos 0+sin 8 =v/2 cos 6, then prove that

cos B-sin =2 sin 6.

21.I1f x = acos®8 ; y = bsin30 then eliminate 6.

22. Prove that

sin 780° sin 480°+cos 240° cos 300°=

23. Find the value of

sin 330° cos 120°+cos 210°sin 300°

COMPOUND ANGLES

1. Find the value of sin 75°, cos 75°, tan 75°

2. Prove that cos 100° cos 40°+sin 100° sin 40° :%

3. Prove that tan 75°+cot 75°=4

4. Prove that cos 100° cos 40°+sin 100° sin 40° = %

5. Show that cos 42°+cos 78°+cos 162°=0

6. If sin(6+a) =cos(B+a) then find tan 6 in term of

tana

7. Find the value of sin282% - sinZZZ%

1
secZa

) = 1-sin*a

8. Find the value of c052112% - sin252%
9. Find the value of
tan 20°+tan 40°+/3 tan 20° tan 40°
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10. Find the value of tan 56°-tan 11°-
tan56°tan11°

1. 1
o Sin B =% and aand f are acute,
then show that a+ [3:%.

12. If sin(A+B)
find the value of cos B.

13. If A+B = 45°, then prove that
(1+tan A)(1+tan B)=2

14. If A+B = 225°, then prove that
cotA+ cotB

(1+CotA)(1+c0tB) -
15. If A- B— , then show that
1- tantA)(l + tan B) =2
16. If A+B+C = g, then prove that
cot A+cot B+cot C=cot A cot B cotC
17. If A+B+C = g, then prove that
tan A tan B+tan B tan C+tan C tan A=1
18. If A+B+C = 180°, then prove that
tan A+tan B+tan C=tan Atan Btan C
19. If A+B+C = 180°, then prove
that cot A cot B+cot B cot C+cot C cot A=1
20. Find the expansion of
(i) (A+ B-C) (i) cos(A- B -C) .
21.If sin(A + B)=% and cos(A — B)=§ where
0<A<B< %, then find tan 2A.
MULTIPLE SUB MULTIPLE ANGLES

1—-cos6B+sin6 0

1.Prove that ————— =tan—
1+cos 0+sin 6 2

— 9 _8c0s30-4cos B

11. If sina=

=%, tan A= %A, A+B are acute then

2. Prove that

3. Prove that c056A+sin6A =1- ZsinZZA
sin 36

520" sin 8 and hence find the

4. Prove that

value of sin 15°
5. Find the value of sin?42° - sin?12°,

A B
6. If tan— =2 and tan—= 2. Then show that
. % 6 2 37

tan-=-
2 5

7. Prove that ﬁ

=tan 0
3 cosB+cos 36
3sin6-sin30"

8. Prove that 1 Cosze

=tan 0. Simplify

cos 3A+sin 3A .
———— = 1+sin 2A
cosA—-sinA

SN _COSQ then prove that asin 2a+bcos 2a=b
V3

sin 1%°A cols 10° ; "
sin —Cos

12. Prove that ———-=tan-—

1-cos2A cosA 2

c0s30-co0s30 sin®0+sin30

9. Prove that
10. If —

11. Prove that ——

13. Prove that } - =3
cos B sin 6
14. Prove that sin A sin( 60°+A) sin( 60°-A)
1,
=5 sin 3A

15. Prove that cos A cos( 60°+A) cos( 60°-A)

= % cos 3A
16. Prove that tan A tan( 60°+A) tan( 60°-A
=tan 3A
17. Prove that
(1+cos =) (1+cos 2Z) (1+cos—Z) (1+cos =) = —
cos cos 5 cos o cos o) =4
18. Prove that
€052 Z + c0s2 ZZ + c0s22Z + cos? Z =2
10 5 5 o 10

19. Prove that cos — cos — cos Ly

8
5m 1
20. Prove that cos — cos — cos — cos — cos —=

11 32
6. TRANSFORMATIONS

1. Prove that sin 34°+cos 64°-cos 4° =0

2. Prove that cos 55°+cos 65°+cos 175°=0

3. Prove that cos 35°+cos 85°+cos 155°=0

4. Prove that —::;Z‘;:CS‘:Z‘;‘(’) = %

5. Prove that 4( sin 24° + cos 6°) =15 +/13

6. Prove that cos?76°+cos?16° - cos 76° cos 16°:%
7. Prove that sin 10°+sin 20°+sin 40°+sin 50°

=sin 70°+sin 80°
8. Prove that sin 50°-sin 70° + sin 10°=0
9. Prove that cos 48°cos 12° :%g

10. Prove that sin 78° + cos 132°= ¥5-1

11. Prove that cos?8 +c052(2?TT + 0) +cosz(2?n —0)==
12. Prove that

sin?(a - 45°) + sin?(a+15°)- sin?(a - 15°) = %
sin(n+1)a- sin(n-1)a a
13. Prove that cos(n+1)a+2 cos na+cos(n—-1)a =tan 2

4. 1fx+y= %ﬂ and sin x+siny = %then find
xandy.

15. If cos x+cosy = i COSX-COSYy = % Then show

that 14tan— +5cot— X+y =0

sin(a+ a+b
16. 1f = Ea g; -
atanp = btana'.
17. If m sin B = n sin(2A + B) then show that
(m+n)tanA = (m - n) tan(A+B)
18. If tan(A+B) = A tan(A- B) then show that
(A+1) sin 2B = (A-1) sin 2A.
19. If A+B+C = 180° then prove that
sin 2A +sin 2B+sin 2C =4sin Asin Bsin C
20. If A+B+C = 180° then prove that
sin 2A -sin 2B+sin 2C =4cos A sin Bcos C
21. If A+B+C = 180° then prove that
cos 2A +cos 2B+cos 2C =-1-4cos Acos B cosC
22. If A+B+C = 90° then prove that
cos 2A +cos 2B+cos 2C =1+4sin Asin Bsin C
23.In Ale ABC prove that
sin?2 + sin? 2 - sin? £ = 1-2c0s 2 cos S sin &

2 2 2 2 2772
24. If A+B+C = 0° then prove that

then prove that
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sin 2A +sin 2B+sin 2C = -4sin Asin Bsin C
25. If A+B+C = 270° then prove that
cos 2A +cos 2B+cos 2C =1-4sin Asin Bsin C
26. If A+B+C=2S. Then prove that
cos(S — A)+cos(S — B)+cos(S — C)

A B C
=4cosEcoszcosE

7. TRIGONOMETRIC EQUATION

. Solve tan 6+3cot 6 = 5sec 6
.Solve 2 cos? 0 -+/3sinf+1=0
.Solve 4 cos? 0 ++/3 = 2(v/3+1) cos @
.Solve 7sin?0 +3 cos?0 =4
. Solve cot? 8 -(1 +v/3) cot6++/3=0
. Solve 1+sin? 6 =3sin 6 cos 6
. Solve sin 50+sin 0 = sin 30
. Solve cos 86+cos 26 = cos 50

W O NOYU B W N B

. Solve cos 6. cos 26. cos 36 =%

10. Solve /3 cos O+sin 0 =2

11. Solve /3 sin 8-cos 8 =2

12. Solve tan @ + secf =+/3

13. Solve 1+|cos x| +|cos? X |+......00

14. Solve 4sin x. sin 2X. sin 4x = sin 3x

15. Solve 3cosec 6 = 4sin 6

16. If a cos 260+b sin 26 =c. Then prove that
2b , c—a

tan 6+ tan§, =—— "tan f,. tan G, = —

c+a ct+a

17.Solve sin™20 -cos0 =

8. HYPERBOLIC FUNCTIONS
1. Prove that
sinh(a + B) = sinh a cosh 3 +cosh ¢ sinh f3
2. Prove that
cosh(a + B) = cosh a cosh 8 +sinh acsinh 8

_ tanha+tanhf
3. Prove that tanh(a + ) = Trtanhaanh f
4. Prove that

sinh(a — B) = sinh a cosh B -cosh a sinh 8
5. Prove that

cosh(a — B) = cosh a cosh 3 - sinh asinh
6. Prove that sinh 2x = 2sinh x cosh x

7. Prove that cosh 2x =cosh? x + sinh? x

2 tanh
8. Prove that tanh 2x = ——%
1+tanh? x

9. Prove that sinh 3x = 3sinh x+4sinh? x

10. Prove that cosh 3x = 4cosh® x -3cosh x
3tanhx+ tanh3 x

B

11. Prove that tanh 3x =

1+3 tanh? x
tanh x tanh x
12. Prove that = -2cosech x
sechx—1 sechx+1

13. Prove that
[cosh x + sinh x]™ = coshnx + sinh nx
14. If cosh x= %, The prove that

23, 5V21
cosh 2x = X sinh 2x = -

15.Ifu= loge(tan(% + g)) then prove that coshu =

secH
16. If sinh x= % then find cosh 2x and sinh 2x.

9. LIMITS AND CONTINUITY
Compute the following limits
x?-8x+15
. 1x
2. lim, 4+ % ;lim,o- %
3. lim,_,+([x] + x) ; lim, - ([x] + x)

tanx

1lim,_ 3

4. lim,_,q .

V1t+x—1

X
eX-1

\/T—l]
: a*-1
7. llmx__,o[m] (a>0,b>0, b#1

5. lim,_q

6. lim,_o[

sin(x—a)tan?(x—a)
(xz__aZ)Z
cos ax— cos bx

14. lim,,_,,

15. lim,_,q "
. x sina—asinx
16. llmx_,a T

YTrx-V1—=x

3|x|-2x

21 limy_, o (Vx + 1Vx)

22 limy 00 (Va2 + 1-x)

sin(a+bx)—sin (a—bx)

X
2x%—7x—4

24. Evaluate logx_,z m

2x%-x+3

23. Evaluate limy_,o

]

25.limy_, o

11x3-3x+4
3x%—4x+5
2x3+3x-7
CONTINUITY
sin2x .
1JHdﬁmeyK@:={§_’ﬁx¢0
1,if x=0

26.lim,_,

27.lim,_,

continued at 0
29 1
2. If fgiven by f(x) ={K x—Kifx>0

2,if x<1
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is a continuous function on R, then find the value of
K.
cosax— cosbx
3. Show that f(x) = *
12 2
E(b —a%), x=0
and b are real constants is continuous at ‘a’.
4. Find real constants a,b. so that the function f
sinx, x <0
x2+aif0<x <1
bx+3,if1<x<3
-3, x>0

, x#0
where a

given by f(x) =

is continuous on R.
10.DIFFERENTIATION
. Find the derivative of sin (log x) (x>0)
. Find the derivative of (x® + 6x2 + 12x — 13)19°
. Find the derivative of sin™1/x
. Find the derivative of log(cosh 2x)
. Find the derivative of (cot™! x3)?
. Find the derivative of log(secx + tan x)
. Find the derivative of eSin”"
. Find the derivative of sin™*(3x — 4x
. Find the derivative of cos™1(4x3 — 3x]

10. Find the derivative of tan‘l(li((z)

11. Find the derivative of tan™ 1 (=—)
Cl+ax

3x—x3 -1 4x—-4%53
1_3X2)—tan (1—6x2+x4

%)

O 0O ~N OOV~ WN B

12.1fy = tan'l(%) +tan™1(
1
1+x2

13. Ify=tan'1[%] for 0< |x| <1 find %.
14. Find the derivative of sin™1( )
(a>0,b > 0)

15. Find the derivative of cos ™1 (

(@a>0,b>0)

16. Find the derivative of tan(2x) from first
principle.

17. Find the derivative of x sinx from first
principle.

18. Find the derivative of x2+2 from definition
method.

19. Find

dx cosx+sinx]
20. Find the derivative of a* using first principles.

21. Find the derivative of cos 2x using first
principles

11. APPLICATION OF DIFFERENTIATION
1. If the increase in the side of a square is 2%. Then
the approximate percentage of increase in its area.
2. Find dy and Ay of y=f(x) = x?+x at x=10 when
Ax=0.1
3. Find Ay and dy for the functions y = e*+x when
x=5 and Ax=0.02

)

then show that @ _
dx

b+asinx
a+bsinx

b+acosx
a+bcosx

cosx

4. Find the equations of the tangent and the normal to
the curve y = 5x* at the point(1,5).

5. Find the slope of the tangent to the curve
y=x3-x+1 at the point whose x coordinate is 2.

6. Find the slope of the tangent to the curve
y=3x*-4x at x=4.

7. Find the lengths of sub-tangent and sub-normal
at a point on the curve y = bsin g

8. Find the lengths of normal and sub-normal of a
. a, ¥ =

point on the curve y = E(ea +ea).

9. Show that the curves y2 =4(x+1) and y? =36(9-x)

intersect orthogonally.

10. Show that the curves 6x2-5x+2y=0 and

4x2+8y?=3 touch each other at(%, %).
11. If the tangent at any point on the curve

x2/3 +22/3 =a2/3 intersects the coordinate axes in A
and B, then show that length AB is constant.
12. Show that the curves x2+y? =2 and 3x2+y? =4x
have a common tangent at the point (1,1).
13. Find the equation of tangent and normal to the
curve y = x3+4x2 at (-1,3)
14. Show that the length of the sub normal at any
point on the curve y? =4ax is a constant.
15. Show that the length of the sub tangent at any
point on the curve y? =4ax is a constant.
16. A particle is moving in a straight line, so that
after t seconds its distance is from a fined point on
the line is given by s=f(t)=8t+t> find
i) The velocity at time t =2sec
ii) The initial velocity
iii) Acceleration at t=2sec.
17. A particle moving along a straight line has the
relation S=t3+2t+3 connecting the distance”s’
described by the particle in time t. Find the velocity
and acceleration of the particle at t=4 seconds.
18. The distance — time formula for the motion of a
particle along a straight line is S = t3-9t2+24t-18.
Find when and where the velocity is zero.
19. Find the equation of tangent and normal to the
curve of y=x*-6x3+13x2-10x+5 at (0,5).

12.LOCUS
SHORT ANSWER QUESTIONS
1. Find the equation of locus of a point P, if the
distance of P from A(3,0) is twice the distance of P
from B(-3,0)
2. Find the equation of a point which is at a
distance from A(4,-3).
3. Find the equation of locus of a point which
equidistant from the points A(-3,2) and B(0,4).
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4. Find the equation of locus of a point P, such that
the distance of P from the origin is twice the
distance of P from A(1,2).
5. Find the equation of locus of a point P, the
square of whose distance from the origin is 4 times
its y-coordinate.
6. Find the equation of locus of a point, such that
PAZ+PB?=2c? where A=(a,0), B(-a,0) and
0< |a| < |c|
Essay type questions
7. Find the equation of locus P, if the line segment
joining(2,3) and (-1,5) subtends a right angle at P.
8. Find the equation of the locus of P,if A=(4,0);
B=(-4,0) and |PA — PB|=4
9. Find the equation of the locus of P, if A =(2,3),
B=(2,-3) and |PA + PB|=8
10. A(5,3) and B(3,-2) are two fixed points. Find the
equation of the locus of P. So that the area of
triangle is 9.
11. If the distance from P to the points (2,3) and
(2,-3) are in the ratio 2:3, then find the equation of
the locus of P.
12. A(1,2), B(2,-3) and C(-2,3) are three points, a
point P moves such that PA2+PB2=2PC?. Show that
the equation of the locus of P is 7x-7y+4=0.

13. TRANSFORMATION OF AXES
Short answer questions
1. When the origin is shifted to (-2,3) by
transformation of axes let us find the co-ordinate
of (1,2) w.r.t new axes.
2. When the origin is shifted to (2,3) by translation
of axes, the co-ordinates of a point P are changed
as (4,-3). Find the co-ordinates of P in the original
system.
3. Find the point to which the origin is to be
shifted. So that the point(3,0) may change to (2,-3).
4. Find the point to which the origin is to be shifted
so as to remove the first degree terms from the
equation 4x2+9y2- 8x+36y+4=0
5. When the axes are rotated through an angle 30°.
Find the new coordinates of (0,5),(-2,4) and (0,0).
6. When the axes are rotated through an angle 60°.
Find the original co-ordinates of (3,4),(-7,2) and
(2,0).
7. Find the angle through which the axes are to be
rotated so as to remove the xy term in the
equation x2 + 4xy - y2- 2x +2y - 6 = 0.
Essay type questions
8. When the origin is shifted to the point(2,3), the
transformed equation of a curve is
x2 +3xy - 2y2+17x -7y — 11 = 0. Find the original
equation of the curve.

9. When the origin is shifted to (-1,2) by the
translation of axes, find the transformed equation
to x2+y?+2x-4y+1=0.

10. When the axes are rotated through an angle
45°, Find the original equation of the curve

17x? -16xy + 17y? =225

11. When the axes are rotated through an angle %.

Find the transformed equation 3x2 +10xy + 3y2 =9
14. STRAIGHT LINES

Short answer questions.

1.Find the equation of straight line joining through

the point(2,3) and making non-zero intercept on

the co-ordinate axes whose sum is zero.

2. Find the value of x, if the slope of the line

passing through (2,5) and (x,3) is 2.

3. Find the value of y if the line joining the points

(3,v),{2,7) is parallel to the line joining the points

(-1,4) (0,6).

4. Find the equation of straight line which makes

an angle of%with x-axis and passing through the

points (0,0)

6. Find the sum of the squares of the intercepts of

the line 4x-3y=12 on the coordinate axes.

7. Find the equation of straight line which makes

an angle of @ = 150°with x-axis and passing

through (1,2).

8.Transform the straight line 4x— 3y + 12 =0 into

a) slope — intercept form b) Intercept form

c) normal form

9. Find the ratios in which i) x-axis and ii) y-axis

divide the line segment AB joining A(2,-3) & B(3,-6)

10. Find the value of K if the lines 2x-3y+K=0,

3x-4y+13=0 and 8x-11y+33=0 are concurrent.

11. Find the angle between straight line y=4-2x;

y=3x+7

12. Find the length of perpendicular drawn from

the point (-2,-3) to the straight line 5x-2y+4=0.

13. Find the distance between parallel lines

3x-4y =12 and 3x-dy =7

14. Find the value of p if the straight lines

3x+7y-1=0 and 7x-py+3=0 are mutually

perpendicular.

15. Find the foot of the perpendicular drawn from

(4, 1) upon the straight line 3x — 4 y +12 = 0.

16. Find the image the point(1,2) is the straight line

3x+4y-1=0.

17. Find the foot of the perpendicular drawn from

the point(3,0) on to the line 4x+12y-41=0

18. If the straight lines ax +by +c=0, bx +cy +a=0,

cx + ay +b=0 are concurrent, then prove that

a3+b3+c3=3abc
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19. Find the equation of the line which passes
through(0,0) and the point of intersection of the
lines x+y+1=0 and 2x-y+5=0.
20. Show that the distance of the point(6,-2) from
the line 4x+3y=12 is half the distance of the
point(3,4) from the line (4x-3y=12).
21.Transform the equation of the line x+y+2=0 into
i)slope-intercept form ii) intercept form iii) normal
form
15. PAIR OF STRAIGHT LINES

Essay type questions
1.Find the acute angle between the pair of lines
represented x2-7xy+12y2=0
2. Find the centroid and area of a triangle formed
by the lines 2y2- xy - 6x2 = 0; x+y+4 =0
3. Find the equation of pair of lines intersecting at
(2,-1) and perpendicular to the pair of line
6x2-13xy-5y2=0.
4. Find the equation of pair of lines intersecting at
(2,-1) and perpendicular to the pair of line
6x2-13xy-5y2=0.
5. Find the combined equation of pair of bisectors
of the angle between the pair of straight lines
represented by 6x2-11xy+3y?2=0
6. Show that the equation 2x2-13xy-7y2?+x+23y-
6=0 represents a pair of straight lines and also find
the angle between and the coordinates of the point
of intersection of lines.
7. Show that the equation 8x2 - 24xy + 18y2- 6x +
9y - 5 = 0 represents a pair of parallel lines and find
the distance between them.
8. Show that the lines joining the origin to the
points of inter section of curve x? - xy + y%+ 3x + 3y
-2 =0 and the straight line x-y-v'2 =0 are normally
perpendicular.
9. Find the values of K. If the lines joining the origin
to the points of intersection of the curve 2x? -2 xy
+3y2+2x-y-1=0and the lines x+2y+K are
mutually perpendicular.
10. Find the angle between the lines joining the
origin to the points of intersection of the curve
7x? -4 xy + 8y?+ 2x - 4y - 8 = 0 with the straight line
3x-y=2.
11. Find the condition for the lines joining the
origin to the points of intersection of the circle
x2+y?=a? and the line Ix+my=1 to coincide.

16. THREE DIMENSIONAL COORDINATES
Short Answer questions.
1.Find x if the distance between (5,-1,7) and (x,5,1)
is 9 units.
2. Show that the points (2,3,5) (-1,5,-1) and (4,-3,2)
form a straight angled isosceles triangle.

3. Show that the points (1,2,3) (2,3,1) and (3,1,2)
form an equilateral triangle.
4. Show that the points (1,2,3) (7,0,1) and (-2,3,4)
are collinear.
5. Find the coordinated of vertex C of AABC, if its
centroid is origin and the vertices A,B are (1,1,1)
and (-2,4,1) respectively.
6.1f(3,2,-1)(4,1,1) and (6,2,5) are three vertices
and (4,2,2) is a centroid of tetrahedron . find the
fourth vertex.
7. Find the distance between the midpoint of line
segment AB and the point(3,-1,2) where A=(6,3,-4)
and B=(-2,-1,2)
8. The three consecutive vertices of a
parallelogram are given as (2,4,-1)(3,6,-1)(4,5,1).
Find the fourth vertex.

17. DIRECTION COSINES AND DIRECTION RATIOS
Short Answer questions
1.If the line makes angles a, 5, ywith the +ve
directions of x,y,z axes. What is the value of
sin?a+sin?B+sin?y
2. What are the direction cosine of the line joining
the points(-4,1,7) and (2,-3,2)
3.1f(6,10,10)(1,0,-5)(6,-10,1) are thee vertices of a
triangle. Find the direction ratios of its sides. Also
show that it is a right angle triangle. ) ,
4. Find the ratio in which the XZ-plane divides the
line joining A(-2,3,4) and B(1,2,3)
5. Show that the lines PQ and RS are parallel, if
P=(2,3,4); Q=(4,7,8) R=(-1,-2,1) $=91,2,5)
Essay questions
6. Find the direction cosines two lines which are
connected by its relation [+m+n=0 and
mn-2nl-2Ilm=0
7. Find the direction cosines of two lines which are
connected by the relation | -5m+3n=0 and
712+5m?-3n%=0
8. Find the angle between the lines where direction
cosines are given by the equations 3l+m+5n=0 and
6mn-2nl+5Ilm=0
9. Find the angle between the lines where direction
cosines satisfy equations [+m+n=0; [+m?-n?=0

@E@
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Question Bank Answers
1.FUNCTIONS

, A} and f:A—B

| >

A 2
1. lfA—{O,g,Z
f(x)=cos x then
Sol: f(x)=cos

—w
=
Q.
w

=

) co

&
o
2]
Nl;lwllli-PIPlU‘\I;! >
|
el

=
AR ST

NTRWTR T8
1} |
(@]
(@]
w

—+
O NIR

~—
11
aQ
o
[%]

B:f(A):{l, \/2§ \/1—1 llo}

2.If A={-2,-1,0,1,2} and f:A—B

f(x)=x? +x+1 then find B.

Sol: Given f:A—B defined by f(x)= x? +x+1
f(-2) : (=2)? +(-2)+1=4-2+1=3
f(-1) : (=1)2 +(-1)+1=1-1+1=1
£(0) : (0)? +(0)+1=0+0+1=1
f(1) : (1) +(1)+1=1+1+1=3
f(2) 1 (2)2 +(2)+1=4+2+1=7

~B=f(A)={3,1,1,3,7}={3,1,7}

3. If f={(1,2), (2,-3),(3,-1)} then find

(iy2f (i)f2 (iii)f+2 (iv)VE

Sol: f={(1,2), (2,-3),(3,-1)}

=f(1)=2, f(2)=-3, f(3)=-1

(i) 2f

(2f)(x)=2f(x)

2f(1)=2f(1)=2(2)=4

2f(2)=2f(2)=2(-3)=-6

2f(3)=2f(3)=2(-1)=-2

~2f={(1,4),(2,-6),(3,-2)}

(ii) £2

£2(x)=(f(x))?

f2(1)=(f(1))*=(2)?=4

£2(2)=(f(2))*=(—3)*=9

2(x)=(f(3))*=(-1)*=1

~ £2={(1,4), (2,9), (3,1)}

(iii) 2+f

(24F)(x) = f(x)+2

(2+f)(1) =f(1)+2 = 2+2=4

(2+f)(2) = f(2)+2 = -3+2=-1

(2+f)(3) =f(3)+2 =-1+2=1

~2+f={(1,4), (2,-1),(3,1)

(iv)VE

JID=v2

\/f(_Z V=3 not defined

\/f(_3 V=1 not defined

A VE={(1,V2)

4. If f=(4,5)(5,6)(6,-4) and g=(4,-4)(6,5)(8,5) then

find (i) f+g (iiYf-g (iii)2f+4g (iv) f+4 (v) fg
(vi)é (vii)VE (viii)|[f| (ix) f2 (x) f3

Sol: Given f=(4,5)(5,6)(6,-4) and g=(4,-4)(6,5)(8,5)

(i).f+g={(4,5-4),(6,-4+5)}={(4,1),(6,1)}

(ii) f-g={(4,5-(-4)(6,-4-5)}={(4,9),(6,-9)}

(i) 2f+4g

2f=(4,2x5),(5,2x6),(6,(2x-4))=(4,10)(5,12)(6,-8)

4g=(4,4x(-4)(6,4x5)(8,4x5)=(4,-16)(6,20)(8,20)

~2f+4g={4,(10+(-16),6,-8+20)={(4,-6)(6,12)}

(iv) f=4

f+4=f+4=(4,5+4)(5,6+4)(6,-4+4)=(4,9)(5,10)(6,0)

(v) fg

fg=f.g={(4,5(-4)),(6,-4(5))}={(4,-20),(6,-20)}

(vi) £

f & -5 -4

. {(4,7),(6,?)}

(vii) VE

Vi={(4,V5),(5,V6)}

(viii) |f]={(4,5),(5,6),(6,4)}

(ix) £2={(4,5%),(5, 6°)(6, (—4)*)}={(4,25),(5,36),(6,16)}

(x) £2={(4,5%),(5, 6%)(6, (—4)*)}={(4,125),(5,216),(6,-64)}

5. If f(x)=2x-1 and g(x)=x? then find

(i) (3f-2g)(x) (i) (fg)(x) (iii)g(x) (iv) (f+g+2)(x)
Sol: Given f(x)=2x-1 and g(x)=x?

(i) (3f-2g)(x)

(3f-2g)(x)  =3f(x)-2g(X)=3(2x-1)-2(x?)=6x-3-2x2
(ii) (fg)(x)

(fe)(x) =f(x).g(x)=(2x-1)( x? )=2x3 x2

(i)
_VI® _v2x-1
T L0 BT

(|v) (f+g+2)(x)
(F+g+2) (X)=f(X)+g(x)+2=2x-1+x2+2=x2+2x+1

—2
6.1 () =

1-x?

Sol: Given f(x) = T

sin“6
1-tan?0 _ 1~ 575 _cos?0—sin?0_ 20
1+tan2@ ;50?8 ~cos26+sin2@

cosZ8
f(tan 9) cos 29

f(tan0)=

2) =2f(x)

Sol: Given f(x)= log x

2x 1+x2+2x 2
(1+ 2) 10g _1+xz lOg 1:;2xf2x =l |i:i2i§j
1+x 1+x2
|32 i
w F(2E) =2f(x)

1+x2
8. If f(x) =4x-1; g(x)=x2+2 then find
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(i) (gof)(x) (i) go(fof)(0) (iii) (;‘;Of)%1 (iv) (fof)(x)
Sol: Given f(x) =4x-1; g(x)=x2+2
(i) (gof)(x) =g[f(x)]=g(4x-1)
= (4x — 1)%2+2=16x2-8x+3
(ii) go(fof)(0) =
f[f(0)]=f(4(0)-1)=f(-1)=4(- 1) 1=-4-1=-5
go(fof)(O) =g[(fof)(0)=g(-5) =(— 5)2+2 =25+2=27

a+1 a+1

(i) (gof)— =(gof)——=sglf(=-)I= g[4(—)]g[a] a®+2

(iv) (fof)(X) (fof)(x) =f[f(x)]= f(4x 1)
=4(4x-1)-1=16x-4-1=16x-5

9. f(x) =2, g(x) =x2, h(x) =2x then find (fogoh)(x)

Sol: Given f(x) =2, g(x) =x2, h(x) =2x

(fogoh)(x)=flg{h(x)}]=f[g(2x)]=f[(2x)?]=f[4x?]=2

10. If f(x) = ax+b then find £'(x)

Sol: Given f(x) = ax+b ; Let f*(x)=t

Then x=f(t) =x=at+b =at=x-b

=2 o= 12

11.0f f(x) ~5%then find f1(x)

Sol: Given f(x) =5*

Let f{x)=t; Then x=f(t) =x=5¢

>t=logs x - f1(x)=logs x

12. If f(x)=2x-3, g(x)=x3+5 then find (fog)™(x).

Sol: Given f(x)=2x-3
(fog)(x)=flg(x)]=f(x3+5)=2(x3+5)-3=2x3+10-3=2x3+7
(fog)'(x) =t
x=(fog)(t) =
=x-7=23
t3 x—7

2t3+7

t= (—)3 fog) 00 = (CE
13. If f(x) =— then find (fof)(x)
Sol: Given f( ) Xl

-1
x+1, 7 tl x+1+x-1 _2x

(fof) () = flf(x)]= f[—]-m e
~(fof)(x)=x

14. If f(x)=_; g(x)=vX then find (gof)(x) and gV (x)

Sol: Given f(x):i,' g(x)=vx

(gof) ) =glf(]=g[:]= \f L

gVf (x) =g(x). VI (x)= \/—(j—

15. If A={1,2,3,4} and f:A—R and f(x) =
find the range of f

then

Sol: Given A={1,2,3,4}; f(x) = i +x1+1
1) X 2-1+1_1 f2) =2 241
141 ) 2+1
f3) o3 32-3+1 7 f(a) = -4t 13
3+1 4 a1 5
713

= Range of f={f(1),f(2),f(3),f(4)}= { 2

Solved problems in the text book
1.If f(x) =4x-1 and g(x)=x2+2, then find (fog)™(x).
Sol: Given f(x)=4x-1 ;g(x) = x%+2
(fog)(x) =f(g(x))=f(x?+2) =4(x*+2)-1
=Ax?+8-1=4x%+7
Put (fog)(x) =y =4x2%+7=y
4x%=y-7

-7 -7
x2=Llox= |2

=(fog)(y) = JYTJ ;o (fog) H(x) = y;:

2. If f(x) :% and g(x) =x2+2 then find(fog)(x).
Sol: Given f(x) =il_1 and g(x) =x2%+2
x2+2+1 _ x*+3

(fog) (x)=Flghx))=F(x?+2) = =5
@@

Exercise problems
1. If f(x) =e* and g(x) =log,, x, then show that
gof=fogand f~1 and g1
Sol: Given f(x) =e* and g(x) =log, x
(fog)(x)=f(g(x))=f(log x)= e!°8e ¥=x
(gof)(x)=g(f(x))=g(e*)= log, (e*)=xlog, e=x(1)=x
~(fog)=(gof)=x=1(x)
Hence f~1(x)=g(x)= log, x
g M (x)=f(x)= *
2. If f(x)=2x-1 and g(x)=%1, if xR, then find

(gof)(x).
Sol: Given that f(x)=2x-1 and g(x)=t

(gof)x) = g(f(x)) = g(2x-1) = w =Z-

3.If f:R—>R;g:R—R are defined by f(x):3x-1 and

g(x)=x2+1, then find

(i) (gof)(x) (ii) (gof)(2) (iii) (fof)(x?+1)

Sol: Given f(x)=3x-1 and g(x)=x2+1

(i) (g0f)(x) =g(F(x))=g(3x-1)=(3x — 1)2+1

=9x2-6x+1+1=9x2-6x+2

(ii) (g0f)(2) =g(f(2))=g(3(2)-1)=g(5)= 5*+1=25+1=26

(iii) (fof)(x2+1)=F(f(x2+1)=f(3(x2+1)-1=f(3x2+3-1)
=f(3x2+2)=[3(3x2+2)-1]= 9x2+6-1
=9x2+5

4. If f:R—R;g:R—R are defined by f(x)=3x-2 and

g(x)=x2+1, then find

(i) (gof 7H((2) (ii)(gof)(x-1) (iii)(gof)(2a-3)

Sol: Given f(x)=3x-2 and g(x)=x?+1

Let f(x)=y=>y=3x- 2$3x-y+2=>x—T = Hy)=
x+2

(=22
(i) (gof "1)(2)= g(f ~(2))=g()
16+9 25
=g()= Q=022

(ii) (gof)(x-1) =g(f (x-1))= g(3(x 1) 2)= g(3x 3-2)
=g(3x-5) = (3x — 5) 2+1

y+2
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= 9x2 -30x+25+1=9x2 -30x+26
(iii) (gof)(2a-3) = g(f(2a-3))=g(3(2a-3)-2)=g(6a-9-2)
=g(6a-11)= (6a — 11)%+1
=36a? -132a+121+1=36a? -132a+122
5. If f:R—R;g:R—R are defined by f(x)=2x-3 and
g(x)=x3+5, then find
(i)(gof)(1) (ii) (gof ~1)(2)  (iii) (fog)(x)
Sol: Given f(x)=2x-3 and g(x)=x3+5
(i)(gof)(1)= g(f91))=g(2(1)-3)=g(-1)
= (—1)345=-1+5=4
Let f(X)=y=>y=2x-3=>2x= y+3=>x—— = fl{y)=2=—
fix)="2
(i) (gof 71)(2) = g(f' )
= g3)= QP +5=v5 =
(iii) (fog)(x) = f(g(X)) f(x +5)
=2(x3+5)-3=2x3+10-3=2x5%+7
6. If f=[(1,a)(2,¢)(3,b)(4,d)] and
g 1={(1,c)(2,a)(3,d)(4,b)} then flnd ( Y (g o f™Y)
(i) (goH) ™ (i) (fog) ™ (v) (f " og ™)
Sol: Given that
f=[(1,a)(2,c)(3,b)(4,d)] = £ ™' = [(a,1)(c,2)(b,3)(d,4)]
g™ ={(1,0)(2,a)(3,d)(4, b)} = g={(c,1)(a,2)(d,3)(b,4)}
(i) (g7 o f~1)=g Hf™1) = g7 [(a,1)(c,2)(b,3)(d,4)]
= [(alc)(bld)(cla)(dlb)]
gof=g(f)=(2,1)(1,2)(4,3)(1,4)
(i) (goD) ™' ={(g(H™"}= (1,2)(2,1)(3,4)(4,1)
fog=f(g)=(c,a)(d,b)(a,c)(b,d)
(iii) (fog) ~*={(f(g) ""}=(a,c)(b,d)(c,a)(d,b)
(iv) (frog™)=f"Y(g™)=(1,2)(2,1)(3,4)(4,1)
7. If f(x)=3% then find f ~1(x).
Sol: Given f(x) =3*
Let f(x)=t; Then x=f(t) =x=3¢
>t=logs x - f(x)= logs x
8. If f(x)=3x + 5 then find f~1(x).
Sol: f(x)=y =3x+5=y=x=" = [ (y)= 22

fi()="2

y+3

243

Y2)=e(—

T[ T[ T[ T
9.1f A={0, - Y 2}ande—>B
f(x)=sin x then find B.
Sol: f(x)=sin x
=Sin(0)= T _sin® =L
F(0)=Sin(0)=0 f(6)-sm z —\/2_
. T 1 T . T 3
f(= =sing =75 (5)—sm;-?
f(=)=sin—=
~B=f(A)= {O —1}

2’ \/—’
10.if f:R-{0}—R is defined by f(x)-x+§ then prove
that (f(x))? =f(x2)+f(1)

Sol:Sol: RHS= f(x?)+f(1)= x +

L2 _
_(x+x) LHS

1
+12+—_x2+ —+2

2. MATHEMATICAL INDUCTION
1. Prove that 1+2+3+..... +n=@ using
mathematical induction.
Sol: Let S(n)= 1+2+3+.....4+4Nn=
If n=1; LHS=1
RHS= 1(1+1) -1
~LHS= RHS Hence S(1) is true.

Assume that S(k) is true for some k€ N

i.e. 1+24+3+...... +k:@

n(n+1)
2

on adding (k+1) to both sides of the above
equation, we obtain

1+2+43+...... +k+k+1—k(k+1) k+1

_k(k+D+2(k+1) _ (k+D(k+2) _ (R+1)(K+1+1)

2 2 2
~S(k+1) is true, by the principle of mathematical
induction the given statement is true

.'.1+2+3+.....+n=n(nT+1) forallneN

2. Prove that 12422+32%+..... +n2=w using

mathematical induction.
Sol: Let S(n) be the statement that
12+22+32 _+n 2_ n(n+1)(2n+1)

6

If n=1, then LHS=12:

RHS=1(1+1)E,)2(1)+1)=1

~LHS=RHS, Hence S(1) is true.

Assume that S(k) is true

o 12422432+ 4f2=KEIDETD)
..... .

Adding both sides (k + 1)2, we get

124224374+ + (k+ 1)?= B, 4 4 q)2
_ k(k+1)(2k+1)+6(k+1)?
_ (k+1)(2k? +k+6k+6) °
_ (k+1)(2k26+7k+6)
- (k+1)(k+62)(2k+3)
6

_ k+D(k+1+1)(2(k+1+1)

6
~S(k+1) is true, by the principle of mathematical
induction the given statement is true

124224324 4n2=R0EDEHD (o ne N

2
3. Prove that 13+23+33+.....4n =T+ using

mathematical induction.

Sol: Let S(n) be the statement that
134234334430

If n=1, then LHS=13=1

2 2
RHS=Y (1+1) 1
~LHS=RHS, Hence S(1) is true.
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Assume that S(k) is true
s 13423433+ +k3=M
..... -
Adding both sides (k + 1)3, we get

134234334, 4k3 + (k+ 1)3=5 (k“) O,k + 1)3

_ k2 (k+1)2+4(k+1)3
4
_ (k+1)?(k?+4k+4)

4
_ (k+1)2(k+2)?
4
_ (kD (RF1+1)°

4
~S(k+1) is true, by the principle of mathematical
induction the given statement is true

& 184234334 +n3=@ forallneN

4. Prove that 1+3+5+....+2n-1=n? using
Mathematical induction.

Sol: Let S(n) be the statement that
1+3+5+....+2n-1=n?

If n=1 then LHS=2(1)-1=1

RHS=1%=1

~LHS=RHS, Hence S(1) is true.

Assume that S(k) is true

21+3+5+... +2k-1=Kk?

Adding both sides 2k+1, we get
1+3+5+...42k-1+2k+1=k2+2k+1=(k + 1)?=(k + 1)?
~S(k+1) is true, by the principle of mathematical
induction the given statement is true
#14+3+5+-.4+2n—1=n?forallneN
5.Prove that a+(a+d)+(a+2d)+....+a+(n-1)d

= ;[Za+(n-1)d] using mathematical induction.
Sol: Let S(n) be the statement that
a+(a+d)+(a+2d)+....+[a+(n-1)d]=§[2a+(n—1)d]

If n=1, then LHS=a

RHS=>[2a+(1-1)d]=a

~LHS=RHS, Hence S(1) is true.

Assume that S(k) is true

i at(ard)+(a+2d ). Hak(k-1)d]=5[2a+(k-1)d]
Adding both sides a+kd, we get
a+(a+d)+(a+2d)+....+[a+(k-1)d]+[a+kd]
=2[2a+(k-1)d}+[a+kd]

_ k[2a+(k-1)d]+2[a+kd]

2
_ 2ka+k(k—1)d]+2a+2kd

2
_ k+1[2a+kd]

2
~S(k+1) is true

by the principle of mathematical induction the
given statement is true
~at(@+d)+@+2d)+--.
E[Za + (n —1)d] forallneN

+a+(n—1)d=

1 a(r"-1 .
. Prove that a +ar +ar?+....+a == usin
6.P that a +ar +ar2+ +r"1(r1)

mathematical induction.

Sol: Let S(n) be the statement that
n-1_a@"-1)
B r-1

n" term of a +ar +ar?+....is ar®~1
If n=1, then LHS= ar'"1=a

RHS= a(r -1) a(r 1)

r—1 r-1

~LHS=RHS, Hence S(1) is true.
Assume that S(k) is true
k—1_a(r-1)

T or-1
, we get

ar
k_ & )+ark
r—1

a +ar +ar2+..+ar

& a+ar +ar?+...+ar
Adding both sides ark

a +ar +ar?+...+ar=1 + ar
_a(rf-1)+(r-Dark
- r-1
_ ark—a+arkti—
r-1
_a(rk+1_1)
r-1

ark

~S(k+1) is true
by the principle of mathematical induction the
given statement is true

sa4ar +ar?4+. . dar™l = 1)for allneN
7. Prove that 3+32+33....

Mathematical induction.
Sol: Let S(n) be the statement that

3+3%+33...3"=3(3"-1)

If n=1

LHS= 31

RHS=3(3!-1)= 3(3-1)=3

~LHS=RHS, Hence S(1) is true.

Assume that S(k) is true

- 3432433 ... +3K=2(3k-1)

Adding both sides 3¥*1, we get

3432433, 43K + 3k+1=2(3k 1)y 3k+
= §(3k-1)+ 3.3k
=2(3%-1+ 2.3
=2(3.35-1)=3(3%*1.1)

3"= %(3"-1) using

~S(k+1) is true

by the principle of mathematical induction the
given statement is true

£3+3243% .37 = 2(3" — 1) forallneN

8. Prove that 1.2.3+2.3.4+3.4.5+...n terms

1)(n+2 . . .
= w using mathematical induction.

Sol: n™term of 1.2.3+2.3.4+3.4.5 + is n(n+1)(n+2)
Let S(n) be the statement that
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1.2.3+2.3.4+3.45+ .+

n(n+1)(n+2)=w
4
If n=1, then LHS=1.2.3=6

RHS:1(1+1)(1+2)(1+3)=6

LHS=RHS, Hence S(1) is true.

Assume that S(k) is true

% 1.2.342.3.4+3.45 + ..+

k(k+l)(k+2)= k(k+1)(k4+2)(k+3)

Adding both sides (k + 1)(k + 2)(k + 3), we get
1.2.3+2.3.4+43.4.5 + .+ k(k+1)(k+2)+ (k + 1) (k + 2)(k + 3)
- k—(k+1)(k4+2’(k+3)+(k + Dk +2)(k+3)

_ k(k+1)(R+2)(k+3)+4(k+1) (k+2)(k+3)

4
_ (kD) (k+2) (k+3) (k+4) _ (K+1)(R+1+1)(k+1+2)(k+1+3)
4

4
~S(k+1) is true
by the principle of mathematical induction the
given statement is true

~123+234+345+ -

n(n+1)(n4+2)(n+3) for all ne N
1 1

9. Prove that—+ﬁ+ﬁ+

Mathematical induction.

nterms =

n
. N terms=——usin
terms 777 Using

.N terms—L forallneN

1,3,5,...is an A.P its n'" term 1+(n 1)2 2n-1

11
. n' termof—+— —+...1s

35 5.7 (2n—1)(2n+1)
Let S(n) be the statement that
1 01 1 . 1 n

3Tt t " (2n-1)(2n+1)  2n+1
If n=1, then LHS=—==
11
2+ 3
LHS=RHS, Hence S(1) is true.
Assume that S(k) is true

101 1 1 n
et — b —
1.3 35 57 (2n-1)(2n+1) 2n+1
. . 1
Adding both sides TaDETy we get
1

1 1

—+—+
13 35 57
1

T2kt 1)(2k+3) 2k+1 (2k+1)(2k+3)
_ k(Qk+3)+1 _ 2k*+3k+1

T (2k+1)(2k+3)  (2k+1)(2k+3)
_ (k+1)(2k+1) _k+1 k41

T (2k+1)(2k+3) 2k+3 2(k+1)+1
~S(k+1) is true
by the principle of mathematical induction the
given statement is true

'+(2n—1)(2n+ 1)
k 1

1 1 1 n
—t—t—+.. Nterms=—for allneN
13 35 5.7 . L
n
— t—t——+.. =—
10. Provethat14 LR .. N terms Foy)

using Mathematical induction.
Sol: 1,4,7 are in A.P.
A=1,d=4-1=3

t,=a+(n-1)d=1+(n-1)3=(3n-2)
4,7,10 arein A.P

A=4; d=(7-4)=3
t,=a+(n-1)d=4+(n-1)3=(3n+1)

Given statement
1 1 1 1 1 _n

14 47 7.10 ""3n-2"3n+1 3n+1
1 1 1 _n

Let S(n)= et Tt Grenenen  anel
Put n=1, LHS = — =
_n 1
T3ntl (D1 4
LHS=RHS, Hence S(1) is true.
Assume that S(k) is true for some ke N

1
4
1

2,1, 1 1 -_k
"14 47 710 7 (3k-2)(3k+1) 3k+1
. . 1
Adding both sides GRDGRay we get S(k+1)

11 1
—+t—+—+
14 47 710

1

GRrD)EKHD) 3kt Gkr1)(3k+d)
1 1

T 3k+1 (3k+4)]
1 3kZ+4k+1

=Sl Grra) )
1 (k+1)(3k+1)

T3k+1'  (3k+4) ]
_(k+1)  (k+1) (k+1)

T (3k+4)  (Bk+3+1)  3(k+1)+1
~S{k+1) is true
by the principle of mathematical induction the
given statement is true

" (3k-2)(3k+1)
k 1

PRI I +....N terms=L forallneN
1.4 4.7 7.10 3n+
11. Prove that 2+7+12+....(5n-3) M using

Mathematical induction.
Sol: Let S(n) be the statement that

247+12+...(5n-3) =2EL~D

If n=1, then LHS=(5n-3)=(5(1)-3)=(5-3)=2
RHS:rl(Sn—l)zl(S—l):2

2 2
LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some ke N

v 247+12+....(5k-3) m

Adding both sides 5k -|- 2, we get S(k+1)
247+12+..(5k-3}#(5k+2) =D (5k+2)
_5k2—k+10k+4_5k2+9k+4_(k+1)(5k+4)_(k+1)(5(k+1)—1)
- 2 -2 2 N 2
~S(k+1) is true

by the principle of mathematical induction the
given statement is true
“2+7+124++-.(5n-3) = forallné N

12. Prove that 43+83+123+.....4n terms
=16n?(n + 1)? using Mathematical induction.
Sol: It can be easily observed that

n" term=(4n)?

n(5n—-1)
2
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Let S(n) be the statement that
43+83+123+....+(4n)3=16n%(n + 1)?

If n=1 then LHS=43=64

RHS=16(1)2(1 + 1)%=64

LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some ke N
43+83+123+....+(4k)3=16k?(k + 1)?

Adding both sides [4(k + 1)]3, we get
43+83+12%+....+(4k)3 +[4(k + 1)]3

=16k?(k + 1)%+[4(k + D)3

=16k?(k + 1)%+64(k + 1)3

=16(k + 1)?[k2+4(k + 1)]

=16(k + 1)?[k%+4k + 4]

=16(k + 1)%(k + 2)2

=16(k+ 1)?*(k + 1 + 1)?

~S(k+1) is true

by the principle of mathematical induction the
given statement is true

& 43483+123+.....+(4n)3=16n2(n + 1)? forallneN

1 1 1 1 n
13. Prove that 12 + 23 + 32 +....+ n(n+1)—m using
Mathematical induction.
Sol: Let the given statement
s( )—i+i+i+ + 1 —L
=12 23732 n(n+1) n+1
If n=1, then
1 1
LHS = 11+ 2
RHS = ——=1
1+1 2

LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some ke N
101 1 1 k

122332
. . 1
Adding both sides CTERY Y we get

1 1 1 1 1
—+—+ _
k(k+1) (k+1)(k+2)

k(k+1) k+1

—+..t

12 23 34

k 1
= —

k+1 (k+1)(k+2)
k., 1
Tk+1 (k+1)(k+2)
_ k(k+2)+1
T (k+1D)(k+2)
_ kZ42k+1
T (k+1)(k+2)
_ (k+D)?
T (k+1)(k+2)
C(kt+1)  (k+1)
T (k+2)  (R+1+1)
~S(k+1) is true
by the principle of mathematical induction the

given statement is true
1 1 1

n
& —t—+..+ =—— foralln€N
1.2 23 34

n(n+1) n+1

14. Prove that 2+3.2+4.22....n terms=n2" using
Mathematical induction.
Sol: ' term of 2+3.2+4.2%+... is (n+1) 271

Let S(n) be the statement that

243.244.2%4.. + (n+1) 2" 1= n2"

If n=1, then LHS=(1+1) 217 1=2

RHS= (1)21=2

LHS=RHS, Hence S{1) is true.

Assume that S(k) is true for some ke N

2+3.2+4.2%4.. + (k+1) 2k 1= k2K

Adding both sides (k+2) 2¥, we get

+3.244.2% 4. + (k+1) 2571 #(k+2) 2K= k2k+(k+2) 2K
= (k+k+2) 2K
= (2k+2) 2k
= (k+1) 2.2k
— (k+1) 2k+1

~S{k+1) is true

by the principle of mathematical induction the

given statement is true

~2+3.2+4.2% .. .nterms = n2" foralln€ N

15. Prove that 2.3+3.4+4.5+...+ n terms

Z46n+11 . 7 i i
- D(n7+6n+11) using Mathematical induction.

Sol: n™ term in the LHS of the given statement is
(n+1)(n+2)
Let S(n) be the statement that
2
2.343.4+4.5+.. +(n+1)(n+2) = W
If n=1 then LHS=(1+1)(1+2)=2.3=6
2
RHS :1(1 +6(1)+11):1+6+11:6

3 3
LHS=RHS, Hence S{1) is true.

Assume that S(k) is true for some ke N
2

2.343.4+4.5+.. +(k+1)(k+2) = W
Adding both sides (k+2)(k+3) we get
2.3+3.4+4 .5+, +(k+1)(k+2)+ (k+2)(k+3) =

2
k(k +6k+11)+(k+2)(k+3)
_ (k3 +6Kk?+11k+3k?+15k+18)

3
_ (K®+9Kk*+26k+18)
- 3
_ (k+1)(k?+8k+18)

3
_ (k+D)[(k+1)%+6(k+1)+11)

3
~S{k+1) is true

by the principle of mathematical induction the
given statement is true
~234+34+45+ -+ nterms =
forallne N

n(n?+6n+11)
3

$$
Solved problems in the text book
1.Show that 1.6+2.9+3.12+..+n(3n+3) =n(n+1)(n+2)
forallneEN
Sol: Let S(n) be a statement that
1.64+2.9+3.12+..+n(3n+3) =n(n+1)(n+2)
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If n=1 then LHS=1.6=6
RHS=1(1+1)(1+2)=1.2.3=6
LHS=RHS, Hence S(1) is true.
Assume that S(k) is true for some ke N
~1.642.9+3.12+..+k(3k+3) =k(k+1)(k+2)
Adding both sides (k+1){3k+6), we get
1.642.9+3.12+..+k(3k+3)+ (k+1)(3k+6)
=k(k+1)(k+2)+(k+1)(3k+6)
= (k+1)(k+2)(k+3)
~S(k+1) is true
by the principle of mathematical induction the
given statement is true
~1.6+29+312+..4n(3n+3) =n(n+ )(n+2)
forallneN
2. Show that 1+(1+2)+(1+2+3) +..+upto n brackets =

n(n%)(n”) forall nE N.

Sol: n" bracket is 1+2+3+...+n
Let S(n) be a statement that

1+(1+2)+(1+42+3) +..+(1+2+3+...4n) =
If n=1 then LHS=1=1
RHS=1(1+1)(1+2) -1
LHS=RHS, Hence S(1) is true.
Assume that S(k) is true for some k€ N
A14(142)4(14243) +..4(14243+...+k) = k1) (kt2)
Adding both sides (1+2+3+..+k+(k+1)
1+(1+2)+(1+2+3)+..+(1+2+3+.+k)+ (1+2+3+.+k+(k+1)
Kr)(t2) (1+42+3+. . +k+(k+1)
_ k(k+1)(k+2)  (k+1D)(k+2)

n(n+1)(n+2)
6

6
_(k+1)(k+2) k+3

6
(k+1)(k+2) k
= i+ {
2 3

1)
_ (k+1)(k+2)(k+3)

6
~S(k+1) is true

by the principle of mathematical induction the
given statement is true

)

~14+(1+2)+(1+2+3) +.+upto n brackets = ant)ntz)

forallneN

3.Prove that by using Mathematical Induction:
1.3+2.443.5+..4n(n+2) =w for all n€ N. (mar20)
Sol: Let S(n) be a statement that
1.342.4+43 .5+, +n(n+2) = LorDEn+7

6
If n=1 then LHS=1.3=3
_10+1)(2.1+7) _ 18 _
RHS—76 =3 =3
LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some ke N
21.3+2.4+3 5+, +k(k+2) = <EHDCKHT)
Adding both sides (k+1)( k+3), we get
1.3+2.4+3.5+...+k(k+2) +(k+1)( k+3)

_ k(k+1)(2k+7) +(|(+1)( k+3)

_ k(k+1)(2k+7)+6(k+1)(k+3)

6
_ (k+D[K(k+7)+6(k+3)]

6

_ (k+1)[2k?+7k+6k+18]
6

_ (k+1)[2Kk?+13k+18]

[3
- (k+1)(k+2)(2k+9)

— (k+1)(k+61+1)(2(k+1)+7)
6

~S{k+1) is true
by the principle of mathematical induction the
given statement is true
~13+24+35++nn+2) =w
for all ne N.

Exercise Questions
1. By principle of Mathematical Induction prove
1.2+2.3+3.4+..+n(n+1)=w for all n€ N.
Sol: Let S(n) be a statement that
1.2+2.3+3.4+,.+n(n+1)=w

If n=1, then LHS=1.2=2
RHS=1(1+1;(1+2)=2
LHS=RHS, Hence S(1) is true.

Assume that S(k) is true
#1.2+2.343.44 .+ (k1) = DD

Adding both sides (k + 1)(k + 2), we get
1.2 +2.3+3.4 + .+ k(k+1)+ (kK + Dk + 2)

- k(k+1)(k+2)+(k + 1)(k n 2)
_ k(k+1)(k+2)+3(k+1) (k+2)

3
_ (kD) (k+2)(k+3) _(k+1)(k+1+1)(k+1+2)
3

3
~S(k+1) is true
by the principle of mathematical induction the
given statement is true

~1.2+23+34+..+n(n+1) =

alln€EN
2. By principle of Mathematical Induction prove

1.3+3.5+5.7+..+n(n+1)=w
Sol: Let S(n) be a statement that
1.3+3.5+5.7+,.+n(n+1)=M
If n=1, then LHS=1.3=3

2 - -
RHS=1(4(1) +6(1)-1) _4+6-1 _9

3 3
LHS=RHS, Hence S(1) is true.
Assume that S(k) is true
& 1.343.5+5.7+..+k(k+1)=
Adding both sides (k + 1)(k + 3), we get
1.343.545.7+..+k(k+1)+(2k+1)(2k+3)
2 =
- M) oo 2ke3)

_ k(4k?+6k—-1)+3(2k+1)(2k+3)
- 3

n(n+1)(n+2) for

for all n€ N.

=3

k(4k?+6k—1)
3
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[4K3+6k?—k+12K?+24Kk+9]_ [4K®+18Kk?*+23Kk+6]

3 3
_ (k+1)[4K*+14Kk+9] _ (K+1)[4k?+14k+9]
3

3
_ (k+1)[4k*+8k+4+6k+6-1]

3
_(k+D[4(K?+2k+1)+6(k+1)-1]

3
_(k+D(4&R+D2+6(k+1)-1) |

3 ’
~S(k+1) is true
by the principle of mathematical induction the
given statement is true

~134+35+57+..4n(n+1) =

allneEN
3. By principle of Mathematical Induction prove

1,1 1 1 n
— =+ —++ = forallneN
25 58 811 ~ (3n—1)(3n+2) 2(3n+2)

Sol: Let the given statement
11 1 n
—+—+ =
58 811 ~ (3n-1)(3n+2) 2(3n+2)
1 1

If n=1, then LHS =

1
RHS= 23(1)+2) 10

LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some ke N

4n%+6n-1
—n( z 3 - )for

1
S(n): E +

BO-DEM2) @6 10

1 1 1 1 k
—p— b — 4+ =
25 58 811 ' (3k-1(3k+2) 2(3k+2)
Adding both sides m, we get

1 1 1 1
—r—+—+4 :

25 58 811 (3k-1)(3k+2) ' (3k+2)(3k+5)

k 1 k(3k+5)+2

T 2(3k+2) : (3k+2)(3k+5)  2(3k+2)(3k+5)
_ 3K*+5k+2  _ (k+1)(3k+2) _ (k+1)
T2(3k+2)(3k+5) 2(3k+2)(3k+5) 2(3k+5)
_ (k+1) .
T 2[3(k+1)+2]
~S(k+1) is true
by the principle of mathematical induction the
given statement is true
S1 1 1 1 _n
“2stssten (3n—-1)(3n+2)  2(3n+2)
foralln€EN
4. By principle of Mathematical Induction prove
12+(12422) +(12+22+32%)+..+upto n brackets
2
:w forallneN

Sol: The n™ term of the given series is
12+22+32+ +Tl2= n(n+1)(2n+1)
—

Let S(n): 124+(12+22) +(12+22+3%)+..+
_n(n+1)*(n+2)

n(n+1)(2n+1)

12
If n=1, then ;LHS = 1%=1
2 2
RHS = 11+1)?(14+2) _ 1(2)°(3) _ 12 _ 1
12 12 12
LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some k€ N

S(K): 12+(12422) +(12422432 ). + KEEDEGD M1 Ger)
’ " 6 12

Adding both sides w, we get

124(12422) +(12422437)s. + KeDChrn) | (1) (et 2)(2k+3)
L DD .

_ k(k+1)2(k+2) + (k+1)(k+2)(2k+3)

12 6
_ k(k+1)2 (k+2)+2(k+1) (k+2) (2k+3)

_ (k+1) (k+2) [k(ki21)+2(2k+3)]

12
_ (k+1) (k+2)[K2+k+(4k+6)] _ (k+1) (k+2)[K®+5k+6]
12 12

_ (k+1) (k+2)[(k+2) (k+3)] _ (k+1)(k+2)%(k+3)
12

12
_ (k+1)(k+1+1)%(k+1+2)

12
S(k+1) is true

by the principle of mathematical induction the
given statement is true

12+(1%2+22) +(1%2422+32%)+..+upto n brackets =
nn+1) (n+2) forallneEN

5. By principle of Mathematical Induction prove
B’ 13428 +13+23+33

+..+upto n brackets

1 1+3 1+3+5
n(2n?+9n+13
= %for allneN

Sol: The n™ term of the given series is
134234334 _4nd= D7
4

Let S(n): ﬁ n 13428 13423433 ot (n+1)?

1 1+3 1+3+5 4

_ n(2n%+9n+13)

- 24
If n=1, then

13
LHS = T=l
RHS = 1(2(1)2+9(1)+13) _1(2+9+13) _ 24 _
24 24 24

LHS=RHS, Hence S(1) is true.
Assume that S(k) is true for some ké N

B 13425 13423433 k+1)2
s(k): = + 4 Jet)
1 1+3 1+3+5 4
_ k(2K*+9k+13)
- 24
. . k+2)?
Adding both sides ¢ 7 ) , we get
¥ 1P+23 13+23+33+ +(k+1)2  (k+2)?
1 1+3 1+3+5 4 4

_ k(2K*+9k+13) . (k+2)2

24
_ k(2K?+9K+13)+6(k+2)?

24
_ (2K3+9K?+13Kk)+ 6(k?+4k+4)

24
_(2k3+15k2+37k+24) _(k+1)(2k3+13k+24)

24 24
_ (k+1)(2K3+4k+249k+9+13)

24
_ (k+D)(2(K3+2k+1)+9(k+1)+13)
24
_ (k+D(2(k+1)?+9(k+1)+13)
24

S(k+1) is true
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by the principle of mathematical induction the

given statement is true
1 13428 +13+23+33

1 1+3 1+3+5

+..+upto n brackets

2
= W forallneN
6. By principle of Mathematical Induction prove
- in2"o
0s 0 cos 20 cos 40....cos 2710 —————
2" sin @
forallneN
Sol: Let the given statement
n—1pn Sin2m0
S(n)= cos 0 cos 20 cos 40....cos 2" 0 =———
2 sin 6
If n=1, then LHS = cos 6=cos 6
RHS = sin 210 _sin28 Zsmecose =cos 0

21sin@ 2sin@  2sin®
LHS=RHS, Hence S(1) is true.

Assume that S(k) is true for some ke N
sin 2k0
cos 0 cos 26 cos 40....cos 2F710 ———
2% sin @
multiply both sides cos 2¥0, we get
cos 0 cos 20 cos 40....cos 2¥718 cos 29,
sin 2%@ k sin 2%6 cos 2%0 2sin 2%0 cos 2%6
0s2%0 = B

= x C = 5 = .
2k sin@ 2k sing 2.2ksing

_ sin2.2k@ _sin2k*1g
2k+1sing 2k+1sing@
~S(k+1) is true
by the principle of mathematical induction the
given statement is true

_ sin2™0
=~ cos 0 cos 28 cos 46....cos 216 ————
2" sin @

forallne N

CEEE

3. MATRICES

1. If A= ?1’ z 42] and B= ‘7} (1] 2] then find A+B
Sol: A—3[i9 0 ]jn(; B2 4 (1) i

A+B:[1 8 72H7 1 4]

A+B_3+4 9+0 O+2]_[7 9 2

“l1+7 8+1 —2+4/"l8 9 2
2.If A= [1 z 3]and B—[3 z 1]thenfmd33 2A

13 22 31 31 22 13
Sol: A—[33 22 1]1andlB—2[1 32 3]
e 39E1 62 33 22[34 26 1]
g e
3828, 70 ¢y 5 olls 2
01 2 1 -2 "0
3. IfA=[2 3 4|,B= [ 0 1 —1]thenfindA-B
4 5 6 -1 0 3
and 4B-3A.
0 1 2 1 -2 0
Sol: A=|2 3 4,8:[0 1 —1]
6 -1
001 2 1 =2 0
A-B [2 3 4}- 0 1 —1]
4 5 6l l-1 0 3

1 —2 0 01 2
4B-3A—4[ 0 } 3[ 3 4]
-1 3 5 6
4 07710 3 6
swanf o s ][6 9 12]
4 12 15 18

4—-0 -8-3 —-11 -6

= 0-6 4—-9 —4—12 6 -5 -16

—4 — 1% 03— 115 12 — 18 -15 -6

4.1f A= I 5] , and A+B-X=[0] Then
find the matrix X.

o 1 él'B=[é j Shefn ar %l

3

A+B—X=[2 —51) ;]+[é —i _3}][22 aazlz2 331233]:0

[2+1—ay; 34+2—a;, 1—1—a13]7
ATBR= g L 0ay —1—T—ay 5+3—apl
v i 5—ayp 0_313]_
A+B X_[6—321 —2—ay; 8-—ay =
. 3 50
= =
Matrix X [6 2 3
1 3 -5
5. Find the trace of the matrix |2 -1 5
1 0 1

Sol: Trace of matrix=1+(-1)+1=1
The elements of the principle diagonal elements of Aare 1,-1,1
:(.):fA A=2[i 3]2] :_ndOB=[ng 5] then find AB and BA
AB;[Z 13] [2 0 4]71 2

1 2ll-1 2

B_[ZXO +3(-1) 2x4+ 3x2]_[ -3 14]

Tix0 +2(-1) x4+ 2x2)7l-21 8
BA:[_E 2;:1[4%12] 0x3 + 4x2] [4 8
X X X X
BA:lez F2x1 —1x3 + 2x2H0 1]
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7.1f A=

SoI:A:[i ﬂ
A’=A.A= i 4 2

] then find A2

[ 4

1 — 1

7[ x4 +2(51)  4x2+2x1
—1x4 +1(—-1) —1x2 + 1x1
[ -2

—125 1 —2121]:[_1@ —101]

%] and A%=[0] then find K.

8.1fFAs[ 2 ¢
2

sol:A<[ 2 ﬁ]
; ﬁ][ o o
25 Aty Pt 10
A2+ K(-1)  —1x4 + k(K) ‘[0
4—4 8+4KH0
—2-k —-4+x2llo

= 8+4K=0
4K=-8
K=—=-2
4

1 2 2
9.IfA=|2 1 2] then show that A%-4A-51=[0]

2 2
1 2 2

Sol: A= 2 1 2

1 2 2 1 2 2

A%=AA=|2 1 2 2 1 2
2 2 1

1x1 + 2x2 + 2x2 1x2+2x1+2x2 1x2 + 2x2 + 2x1

=[2x1 + 1x2 + 2x2  2x2 + 1x1 + 2x2  2x2 + 1x2 + 2x1
2x1 +2x2 + 1x2  2x2 +2x1 4+ 1x2 2x2 + 2x2 + 1x1

1+4+4 2+2+4 2+4+2][9 8 8
=2+2+4 4+1+4 4+2+2)=5(8 9 8
24+4+2 4+2+2 4+4+1118 8 9

9 8 8 1 2 2 1 0 0
A’-4A-51=[8 9 8]—4[2 1 2]-5[0 1 0]
8 8 9l 12 2 11 lo 0 1
8 8
9 8
8 9

AZ-4A-51=

W W WO
—_—
'
[r—
D 0
Q0 B~ 0

A?-4A-5]=

xR X O

_4—
_g8—
8

o o ut

~ A%-4A-51=[0]

10. If A=[01 _(:] then show that A%=-|
Cafi 0

Sol: A—[O —i]

AZ:A'A:[Oi —01”01 —i] [E)J—L(? 00++10 [Bl —(ﬂ

- 01 e

o A%

11 1FA[ 7 “3]then find A+AT

SOIZA:LZEZ; _g];ATz:Lis 73]2 2 —4-51[ 4 -9
J— p— + p— p— —
A+AT:[—5 3H—4 ]: 5-4 3+3 :[—9 6
12.1f A<[ 2 ~7]then find A.AT

Al 2 —41. .1 2 =5
soia 2447 7 ]
A'AT:[_S 3] [_ 3]:
2x2 — 4(—4) 2(=5) —4(3)
—5x2+3(—4) —-5(-5)+3(3)
I 4+16 —-10-12 —22
l-10-12 25+ 9 ] [

—Z 1 -2 3 1
13.1fA=| 5 of;B= ]thenfnno|2A+BT
1 a 4 0 2

21 -2 4

50|:A—[ 5 0} B= [ 2 g ;] BT—[ 3 0]
1 4 1 2
-2 11[-2 4][-4 2]1[-2 4

2A+BT—2| 5 OH 3 OH 10 OH 3 0]
-1 4ll1 21l-2 8ll1 2

-6 6

13 0

-1 10

—-4-2 2+4
10+3 0+0)=
—-2+1 8+2

2A+BT=

14.1f A< 7 73] then find A.AT
Repeat Q.No.12

-1 2 3
15.If A=[ 2 5 6] is a symmetric matrix, find the
3 x 7
values of x.
—1 3
6] is a symmetric matrix A=AT

7

16. A=[ cosa  sing ] then show that A.AT=|
—Ssing cos

Sol: A=[ cosa Sll’lO{] T_[COSC( —SIDO(]

—sina  cosal’ sina cosa
AAT=[ cosa  sina ”cosa —sina

—sina  cosallsina cos

AAT—[ cos a. cos o + sina. sina cosa.—sina+sina.cosa]
) —sina.cosa+cosa.sina —sina.—sina+ cosa.cos o
AAT:[ cos’a + sin®a —cosa.sino + sina. cos cx]

—sina.cosa+ cosa.sina sina+ cos?a

T_ =

AA'= |

T 1
~AA=]

17.if A—[l 4 7] then verify that (A + B)T=AT+BT
Sol: Problem is not completed, B value not given.

1 5 3 2 -1 0
18.1fA=|2 4 0];B=[0 -2 5]thenfindBA-4BT
3 -1 -5 1 20
1 5 3 2 -1 0 2 0 1
Sol: A=|2 4 0];8:[0 -2 5};BT= 1 -2 2}
3 -1 -5 1 20 0 5 0
2 -1 0|1 5 3
BAz[o i SHZ i 0]
1 2 oll3 -1 —s5
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2x1 — 1x2 + 0x3
BA=|0x1 — 2x2 + 5x3
1x1 + 2x2 + 0x3

2x5 — 1x4 + 0x(—1)  2x3 — 1x0 + 0x(=5)
0x5 — 2x4 4 5x(—1)  0x3 — 2x0 + 5x(-5)
1x5+ 2x4 + 0x(—1) 1x3 + 2x0 + 0x(—5)

0 6 6
BA=I11 —13 —25]
5 13 3
0 6 6 2 01
BA-4BT=[11 ~13 ~25]-4[1 2 2]
5 13 3 0 50
0-8 6—0 6-41[-8 6 2
BA-4BT=|11+4 —13+38 258H15 -5 —33
5-0 13-20 3-0 5 —7 3
1 5 3 2 -1 0
18.1fA=[2 4 0[;B=|0 —2 5|then find 3A-4BT
3 -1 -5 1 2 0
1 5 3 2 -1 0 2 01
Sol: A=|2 4 0];3—[0 -2 5];BT—[—1 -2 2]
3 -1 -5 1 20 0 50
1 5 3 2 01
3A-4BT=3|2 4 0]-4[—1 -2 2
3 -1 -5 0 5 0
3-8 15-0 9-4][-5 15 5
3A-4BT=[6 + 4 12+8 0—8H10 20 —8]
9—-0 -3-20 -15-0 9 =23 -15

.1 A=[¥ 3];B<[ % % ]then find BaT
s A2 3fa O Afar]2 1]

2 -1 2 3 2
e[ 316 3]
S AN R

20.16a=[ © 7] then find AAT
SO':A=[—O1 L;]"ATz[g _21]

0 4][0 *1]
-1 214 2

apTo[ 0X0 + dxd 0x(—1) + 4x2 _[16 8]
Tl-1x0 +2x4  —1x(-1)+2x2]'l8 5

21. Find the determinant A=[421 _51]
CA[ 2 1

SO"A‘[41 5

det A=2x(-5)-(1x1)= -10-1=-11

22. Find the determinant A=[:] _[i]
A i 0

Sol:A=[, °©

det A=ix(-i)-0x0=-i?=1

AAT=[

23. Find the determinant of A=[ ; _11]
a1 -1
SoI.A—[_3 1]
det A=1x1-(-1x-3)=1-3=-2
2 -1 4
24. Find the determinant of A=| 0 -2 5]
-3 1 3
2 -1 4
Sol:A=[ 0 -2 5
-3 1 3

det A=[2(-2x3-1x5)]-(-1)[0x3-(-3x5)]+4[0x1-(-3x-2)]
det A=2[-6-5]+1[0+15]+4[0-6]=-22+15-24=-31

|

0 1 1
25. Find the determinant of A=[1 0 1]
1 10
0 1 1
SoI:A=[1 0 1]
1 1 0
det A =[0(0-1)-1(0-1)+1(1-0)]=[0+1+1]=2
2 -1 4
26. Find the determinant of A=[4 -3 1]
1 2 1
2 -1 4
SoI:A=[4 -3 1]
1 2 1

det A=2[-3x1-2x1]-(-1)[4x1-1x1]+4[4x2-(1x-3)]
det A=2[-3-2]+[4-1]+4[8+3]=-10+3+44=37

1 4 2

27. Findthedeterminantof[ 2 -1 4]

-3 7 6
1 4 2
SOI:A—[ 2 -1 4]
-3 7 6

det A=1[-1x6-7x4]-4[2x6-(-3x4)]+2[2x7-(-3x-1)]
det A=1[-6-28]-4[12+12]+2[14-3]=-34-96+22=-108

1 0 -2
28. Find the determinant of [3 -1 2
4 5 6

1 0 -2
SoI:A=[3 -1 2]
4 5 6
det A=1[-1x6-5x2]-0[3x6-4%2]-2[3x5-4x-1]
det A=1[-6-10]-0-2[15+4]=-16-38=-54
12 22 32
29. Find the determinant of [22 32 42]
32 42 52
12 22 3211 4 9
SOI:A=[22 32 42]—[4 9 16]
32 42 52119 16 25
det A=1[9x25-16x16]-4[4x25-9x16]+9[4x16-9x9]
det A=1[225-256]-4[100-144]+9[64-81]
det A=-31+176-153=-8
a b ¢
SoI:A=[b c a]
c a b

det A=a[c.b -a.a]-b[b.b-c.a]+c[b.a-c.c]
det A=a[bc -a?]-b[b?-ca]+c[ab-c?]
det A=abc -a®-b3+abc +abc-c3

det A=3abc-a3- b - ¢3

30.Find the determinant of

a b
b ¢
c a

T A

a h g
31.Find the determinantof |h b f
g f ¢
a h g
SoI:A=[h b f]
g f ¢

det A=a[b.c -f.f]-h[h.c-g.f]+g[h.f-g.b]
det A=abc -af 2-ch?+hgf +hgf-bg?
det A=abc+2hgf -af2-bg? - ch?
1 o o?
32. Find the determinant of [ o o 1 ] where
0w 1 o
1,w,w? are cube roots of unity.
1 o o?
Sol:A= [ ®w w2 1
0w 1 w
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CitCtC=[1 4+ w + w?  w? 0 w? 1

l+w+w? 1 0 1 o

l+tw+w? o ][0 o o’
1 =
®

det A=0
1 00

33.Findxof |2 3 4
5 -6 x

1 0 0
2 3 4

5 -6 x
1[3x-(-6x4)]=45

3x+24=45

3x=45-24=21
21

X=—=7
3

34. Find

=45

Sol: A= =45

1 -1 2
3 0 4
—4 -2 5
1 -1 2

3 0 4
-4 -2 5

det A=1[0x5-(-2x4)]-(-1)[3x5-(-4x4)]+2[3x-2-(-4x0)]
det A=1[0+8]+1[15+16]+2[-6+0]=8+31-12=27

Sol: A=

a—b b—c c—a
35.Provethat|b—¢c c—a a-b|=0
c—a a—-b b-c¢
a—b b—c c—a
Sol:lb—¢c c¢c—a a-—b
c—a a—b b-c
0 0 0
Ri—=R1#(Ry+R3)=|b—c c¢c—a a—b|=0
c—a a—b b-c
b+c c+a a+b a b c
36.Provethat|c+a a+b b+c|=2]b ¢ a
a+b b+c c+a c ab
b+c c+a a+b
Sol: LHS=|c+a a+b b+c
a+b b+c c+a
2(@+b+c) 2(@+b+c) 2(@+b+o)
Ri=R1+Ry+R3= c+a a+b b+c
a+b b+c c+a
(a+b+c¢c) (@+b+c¢) (@a+b+0)
=2 c+a a+b b+c
a+b b+c c+a

R2=R2-Ry; R3=R3-R;

(a+b+c) (@a+b+c) (@+b+0o)
=2 —b —C —a
—C —a —b
a b c
Ri—>R1#(Ry+R3)=2|-b —c —al=2(-1)(-
—-c —a -b
a b c a b ¢
1)Ib ¢ al|=2|b ¢ a|=RHS
c ab c ab
~LHS=RHS

b+c c+a a+b
a+b b+c c+a

a b c
b+c c+a a+b

37. Prove that =a3+b3 + c3-3abc

Sol: LHS=|a+b b+c c+a
a b c
a+b+c a+b+c a+b+c
Ri—>Ri+Rs=| a+b b+c c+a
a b o

a+b+c a+b+c a+b+c
R,-R,—Ri=|  —c —a -b |=
a c
1 1 1
(atb+c) [—c —a -b
a b c

= (a+b+c)[1(-ac+b?)-1(-c?+ab)+1(-bc+a?)]
= (a+b+c)[-ac+b?+c2-ab -bc+a?]
= (a+b+c)[ a®+b?+c?-ab —-bc-ca
=a3+ab?+ac?-a%b-abc-a®c+a?b+b3+ bc?- ab?- b2c-
abc+a®c+b?c+c3-abe-b?c- ac?
]=a%+ b3 + c3-3abc
~LHS=RHS
38. Prove that
a—b—-c 2a 2a
2b b-c—a 2b
2c 2c c—a—b

a—b-—c 2a 2a
Sol: LHS= ‘

=(a+b+c)?

2b b—c—a 2b

2c 2c c—a-—b

a+b+c a+b+c a+b+c
2b b—c—a 2b
2c 2c c—a—b

1 1 1

2b b—c—a 2b

2c 2c c—a—b

C—C-Cy; GGGy

1 0 0

2b —(b+c+a) 0

2c 0 —(@+b+0¢)

1 0 0

2b —(@@+b+c¢) 0

2c 0 —(a+b+o)

=(a+b+c){1[-(@+ Db + c)x[-(a+ b+ )]}

=a+b+¢)?

R1—R1+R+R3=

=(a+b+0c)

~LHS=RHS
39. Prove that
a+b+2c a b
c b+c+2a b

C a c+a+2b
a+b+2c a
Sol: LHS=

C b+c+2a b
c a c+a+2b

22(a+b+c)?

2a+2b+ 2c a b
2a+2b+2c b+c+2a b
2a+2b+ 2c a c+a+2b

Ci—=C+C+ C=

1 a b
1 b+c+2a b

1 a c+a+2b
Ra=R2-Ry; R3=R3-Ry

=2(a+b+c)

1 a b
0 a+b+c 0
0 0 at+b+c
=2(a+b+c)[1(a+b+c)(a+b+c)]=2(a + b + ¢)3=RHS

~LHS=RHS

=2(a+b+c)

1 a a?
1 b b?
1 ¢ ¢
1 a a?
1 b b?

1 ¢ c?
R2—Ra-Ry; R3—R3-Ry

40. Prove that =(a-b)(b-c)(c-a)

Sol: LHS=
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1 a a? 1 a a?
=[0 b—a b2—-a?=|0 b—a (b—a)b+a)
0 c—a c?2—a%l |0 c—a (c—a)(c+a)
1 a a?
=(b-a)(c-a)[0 1 (b+a)
0 1 (c+a)

=(b-a)(c-a){1[(c+a)-(b+a)]}=(b-a)(c-a)(c-b)
=(a-b)(b-c)(c-a)=RHS

~LHS=RHS
1 2 3
41. Prove that |1 b2 b3|=(a-b)(b-c)(c-a)(ab+bc+ca)
1 ¢ ¢
1 a% ad
Sol: LHS=|1 b2 b3
1 c? ¢
R,—Ry-Ry; R3—R3-Ry
1 a? ad
=|0 b?—a%? bd-ad|=
0 CZ _ a'2 C3 _ 213
1 a® ad

0 (b—a)b+a) (b—a)b?+ab+a?
0 (c—a)(c+a) (c—a)(c®+ca+a?)

1 a2 a’
=(b-a)(c-a) |0 (a+b) (a%2+ab+b?)
0 (c+a) (c®+ca+a?)
R3—R3-R;
1 a? a’
=(b-a)(c-a) [0 (a+Db) (a® + ab + b?)
0 (c—b) (ac—ab+c?—b?)
1 a? ad
=(b-a){c-a) |0 (a+b) (a%?+ab+b?)
0 (c—b) (c—b)a+b+c)
1 a? al
=(b-a)(c-a){c-b) |0 (a+b) (a%+ab+b?)
0 1 (a+b+0¢)

=(b-a)(c-a)(c-b){1[(a+b)(a+b+c)-1(a? + ab + b?)]}
=(b-a)(c-a)(c-b)[ a®+ab+ac+ab+b?+bc-a? — ab — b?]
=(a-b)(b-c)(c-a)(ab+bc+ca)=RHS

~LHS=RHS
a b ¢
42.Show that [a2 b? c¢2|=abc(a-b)(b-c)(c-a)
a® b
a b ¢ 1 1 1
Sol: LHS=[a? b? c%|=abcla b ¢
a® bd ¢? a®? b% ¢?
C—C-Cy; G3oC3-Cy
1 0 0
=abcla b-a c-a
aZ b2 _ aZ CZ _ aZ

1 0 0
a b—a c—a
a2 (b—a)(b+a) (c—a)(c+a)

=abc

1 0 0
=(abc)(b-a)(c-a)| a 1 1
a’? b+a c+a

=(abc)(b-a)(c-a)[1[(c+a)-(b+a)]]
=(abc)(b-a)(c-a)(c-b)
=(abc)(a-b)(b-c)(c-a)=RHS

~LHS=RHS

1 a a’-bc
43.Showthat |1 p bz—ca =0
1 ¢ c2-ab
1 a? —bc
Sol: LHS=|1 b bzfca
1 ¢ c?—ab
Ra—Ry-Ry; R3—=R3-Ry
1 a a®? —bc
=|1 b—a b?—a%?+bc—ca
1 c—a c¢2—a?—ab+hbc
1 a a® —bc
=1 b—a (b—a)b+a)+ch—a)
1 c—a (c—a)c+a)+blc—a)
1 a a? —bc
=[1 b—a (b—a)a+b+c)
1 c—a (c—a)a+b+c¢)
1 a a%?—bc
=(b-a){c-a)|1 1 a+b+c
1 1 a+b+c

=(b-a){c-a)(0)=0 =RHS  R,, Ry same

~LHS=RHS
ax by czjja b ¢
44.Show that |x2 y2 z2(= y z|without
1 1 1!lyz zx xy
expanding the matrix
ax by cz a>2< bZ CE
Sol: LHS= x2 y2 72| = i 3; Zz
1 1 1 ¥ y =z
a b cja b ¢ a b ¢
N A E A = y  Z|=RHS
1 1 1| [xyz Xyz Xxyz
; ; ; T 7 T yz ZX Xy
~LHS=RHS
45. If A-[COS“ Sln("]then find A~1
sina cos o
Sol: A= [cosa fsma]
’ sina cosa
det A= (cos a) (cos a)- (sin ) (— sin a)= cos?a + sinZa
Adi A= cosa sina]
) —sina cosa
1 Ad]A
detA
1 cosa sina

sina ]7[ cos

cos?a +sina L —sin cos sina
1 3 3

46.1fA=|1 4 3|then find Adj (A)
1 3 4

1 3 3

SoI:GivenA=1 4 3

Det A=|A|= 1 ‘ 3 ‘ 3[

-1(16 9)- 3(4 3)+3(3-4)=7- 3 3=1
Cofactors of elements of A are

e o A
A13=ﬁ 4|:3-4:-1: A21=-|§
A= |1 z‘—(43)—1- Ags= - 5
A31"4 3] (0-12)=-3; ASZ:'H gz'
Agg—‘l 4|— (4-3)=1

cos

H 3Iemes

]
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Ay A Agg 7 -1 -1 1 -2 3 - 1 0 -2
SEA=[Anr Ay Ay —[_3 1 0] Sol: A=| 0 -1 4[;A'=|-2 -1 2
Azr Az Azl 1-3 0 1 -2 21 3 4 1
7 I3 I3 det AT=1[-1-8]-0[-2-6]-2[-8+3]=-9+0+10=1
~Adj A= _1 (1) 0 Cofactors of elements of Aare
_ 1 -2
oagia 1 oo 773 37 33 Au= ‘ =1-8=9; Ap=— | 3 1|:'('2'6) =8;
oo AdiA= -1 1 ofs[-1 1 0
10 11 o 1 Agz= ‘ | -8+3=-5
-1 -2 -2
47.1fA=| 2 1 —2|[then show that Adj A=3AT 0 )
z 2 1 L. Ax=-|, |—-(0+8):-8 AZZ-I 7| 6) =7; Agp=-
Sol: A—[ 2 1 2]; ATz[z 1 2] 13 2 =(4-0)=-4
2 -2 1 -2 -2 1 0 1 —
Cofactors of elements of A are A31=‘ - | (0-2)=-2 Aaz—'| 2 2|:- (2-4) =2;
2 1
Au| ) Plaae3 Ape— |2 |:-(2+4) =6; Ass=| 71|= (-1+0)= -1
I A Az Agg -9 8 -5
A13_]2 2 A2 | |__ (2-4)= alfA=|Ayy Az Agg|= [8 7 4]
-1 -2 1
Azzzl 5 1 =(-1+4) =3; A= I 2 | -(2+4)= -6 Agig AiZS Aiaz -2 2 -1
Aslzlkz I (4+2)=6; Asz—'] ) |:‘ (2+4) =-6; ~AdjA= 8 7 2
1 2 -2 5 —4 1
L = (-1+4)=3
2 1 g - 8 78 —2
Ay A Agg -3 -6 —6 (AT)_l _AdjA 1
f A= A21 A22 A23 = 6 3 -6 detA4 4 4 1
Azy Azp Agsl 6 —6 3 - — - .
3 "% 61 -1 2 2 50. Solve the foIIowmg system of equation using
“AdjA=|—-6 3 —6]—3[—2 1 —2|=3AT matrix invariant.
_63 __63 2 2 =2 1 X-y+32=5; 4x+2y+z=0; -x+3y+z=5
48. If A=[2 -3 4|then find A3=A1 Sol: x-y+3z=5
0 -1 1 +ov+7=
30 1 Ax+2y+z=0
Sol: A=|2 -3 4 -X+3y+z=5
0 -1 1 1 -1 3 X 5
Let A=| 4 2 —=1};X=|y[; B=[0
3 -3 43 —3 4 —1 3 1 Z 5
A2=[2 -3 4] [2 -3 4]
0 -1 110 -1 1 Given equation can be written a AX=B
5 Matrix inversion method X=A"1B is the solution.
A= det A=1(2+3)-(-1)[4-1]+3(12+2)=5+3+42=50
3x3 + (—3x2) +4x0 3x—-3+(-3x—3)+4x—1 3x4+(-3x4) + &) actors of elements of A are
2x3 4+ (—3x2) +4x0 2x -3+ (-3x—3)+4x—1 2x4+ (—3x4) 1 4x1 2 _1 -1
0x3 + (—=1x2) + 1x0 Ox—3 + (=1x—3)+ 1x—1 Ox4 + (—1x4) + LAY _‘ | 243=5; Ap=— | ) |:—(4-1) =3;
4 2 1 3
[96+0 ~94+9-4 12-12+4][ 3 —4 4} A13“ 1 3‘:12+2:14, An=-| 5 J|7-(1-9)=10;
2l6-6+0 —-6+9-4 8—12+4|<l 0 -1 0 1 31 A | 1 3L ~
0-2+40 0+3-1 0-4+11l-2 2 =3 Ao=| 1 a8 Ap=| ]
3 —4 4 3 —4 4 -1 3 1 3
A‘*z[ 0 -1 OH 0 -1 0 A=l i =5 A=, |- (1a2)=13;
-2 2 -3 2 -3 =1 -1 -
A As=|, |26
3x3 + (—4x0) + (4x—2)  3x— 4+ (—4x— 1) + 4x2 3x4 + (—4x0) + 4x— 3 A Az Bz 5 -3 14
[ 0x3 + (—1x0) + (0x—2)  0x—4+ (—1x— 1) + 0x2 0x4 + (—1x0) + 0x — 3 } A=Az Agp Ans|=[10 4 -4
—2x3 + (2%0) + (—3x —2) —2X—4+ (2x— 1) + (-3x2) —2x4 + (2x0) + (—3x - 3) A315 A3120 A335 -5 13 6
9+0-8 —12+4+8 12+0-12][1 0 0 sAdjA=|—3 4 13]
= 0+0+0 0+1+0 0+0+0 |50 1 o)l 14 —4 6
—-6+0+6 8—-2-6 -8+0+9 0 0 1 5 10 -5
- AUA L) sy g3
A=) det4 50 e
A. A3=|> A~ 1=A3 By matrix inversion method
) 5 10 —-57715
1 -2 X=A"1B=— [—3 4 13] H
49, If A= (2) —21 ‘: find (AT)_ 50 14 —4 6l Ls
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25+0-25 det A=3(-7+16)-4[14-40]+5(-4+5)=27+104+5=136
=50 —15+ 0+ 65|=— [ ] Cofactors of elements of A are
70 + 0 + 30 100 _|-1 87_ o —_|? |,_ .
wx=0; y=1; 222 All—‘ =7+16=9; A= |5 7-(14 40) =26;
51. Solve the following system of equation using A= ‘5 72|_-4+5:1
matrix invariant. Agy=- 4 5_ - (28+10)=-38 Azz— ] (21-25) =
2x-y+32=8; -x+2y+z=4; 3x+y-4z=0 3’2
Sol: 2x-y+32=8 Azs=[g _2|"('6'20)’26
X+2y+z=4 A31=‘_‘; g|: (32+5)=37 ;A32=—g éz-(z4-10) =
3x+y-4z=0 A33=‘3 _li|:(_3_8): 11
Ay; A Agg 9 26 1
2 -1 3 X 8
SfA=|Ay; Ay Ayz|=|-38 -4 26
Let A:[—1 2 1};x-[y]; B-H A=\ A21 Azz o [ }
3 1 —4 z 0 A319A3_2 8A33 B 37 —14 -11
~AdjA=| 26 —4 —14]
Given equation can be written a AX=B 1 26 -11
Matrix inversion method X=A"1B is the solution. _1_AdjA 1 —38 a7
det A=2(-8-1)-(-1)[4-3]+3(-1-6)=-18+1-21=-38 T detA 136 o
Cofactors of elements of A are By matrix inversion met2h6od -11
-1 1
Aul? s, A12=—| ; _4|=-(4-3) -1 L[ 9 38 3718
A =|—1 2|=-1—s=-7 X=A‘1B=m[26 —4 14} [13]
B3 1 26 -111lz0
9x18 — 38x13 + 37x20
An=- [} ) 4| (4-3)=-1 :A50= | i (-8-9) = = [ 26x18 — 4x13 — 14x20 ]
A2 1 1x18 + 26x13 — 11x20
< PO |-(2+3)=-5 | [162 — 494 +740 408
——[468—52280] [136] l]
Ax=|” ; |: (1-6)=7 A= 2 3] (243 =5, 18 + 338 — 220 136
A= 2 1 ~x=3;y=1; z=1
37 ] 1 |:(4'1):3 53. Solve the following system of equation using
A Ao Ais) 19 -1 7 Cramer’s Rule.
fA|Ag Ay Am|=|-1 —17 5 _E: AyiIveg=0: _
Asi Asy Assl =7 5 3 X-y+3z=5; 4x+2y-z=0; -x+3y+z=5
-9 -1 - Sol: x-y+3z=5
“AdjAs-1 17 =5 4x+2y+z=0
-7 =5 3
-9 -1 -7 -X+3y+z=5
—1 AdA 1 o 1 -1 3 X 5
detA -38 . e N Let A=[ 4 2 —1];x—[y]; B—[O]
By matrixinversion method SR z 3
» -9 -1 1 -1 3
X=A B‘ -1 -17 Now |A|=A= 2 -1
77274+0 -—76 L3t
-1 2 det A=1(2+3)-(-1)[4-1]+3(12+2)=5+3+42=50
=—5| 8- 68+0|—=|-76|-2 5 -1 3
—56 — 20 + 0 L_761 12 Aslo 2 -1
.'.x=2; y=2; 7=2 5 3 .
52. Solve the following system of equation using = 5(2+3)-(-1)(0+5)+3(0-10)=25+5-30=0
matrix invariant. 1 5 3
3x+4y+5z=18; 2x-y+8z=13; 5x-2y+72=20 A=[4 0 -1
Sol: 3x+4y+5z=18 -1 5 1
2x- y+ 8z=13 =1(01+5)-?(4-51)+3(20+0)=5-15+60=50
5x-2y+ 72=20 -
eyr iz As=| 4 2 0
3 4 51 x [18 13 5
Let A:[z o 8]; X:[y ;B_[B] =1(10-0)~(-1)(20-0)+5(12+2)=10+20+70=100
5 -2 7 z 20 By Cramer’s Rule
Given equation can be written a AX=B _Al_ -O y=t2=22 0_1, _Ai=_1ﬂ)_=2
Matrix inversion method X=A"1B is the solution. A A 50 4 50
~x=0; y=1;z 2
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54. Solve the following system of equation using
Cramer’s Rule.
2x-y+3z=9; x+y+2=6; X-y+z=2
Sol: 2x-y+3z=9
X+y+z=6
X-y+z=2

EH ]H

Now |A|=A=

Let A=

1
1 -1 1
det A=2(1+1)-(-1)[1-1]+3(-1-1)=4+0-6=-2
9 -1 3
Aq=|6 1 1
2 -1 1
9(1+1)-(-1)(6-2)+3(-6-2)=18+4-24=-2
2 9 3
1
1

Azz 6 1

2 1
2(6-2)-9(1-1)+3(2-6)=8-0-12=-4
2 -1 9
1 1 6
1 -1

=2(2+6)-(- 1)(2 6)+9(-1-1)=16-4-18=-6
By Cramer’s Rule

A1 T2 4.8 T4 5. 83 "6
x——1—_2—1. V_TZ__Z_Z’ 7==3=——=3
~x=1; y=2; z=3
55.Solve the following system of equation using
Cramer’s Rule.

2x-y+3z=8; -x+2y+z=4; 3x+y-4z=0

A3=

Sol: 2x-y+3z=8
-X+2y+z=4
3x+y-4z=0
2 -1 3 X 8
LetA=[1 2 1];X—[y];B—[4]
3 1 —4 Z 0
2 -1 3
Now |Al=A=[-1 2
3 1 -4
det A=2(-8-1)-(-1)[4-3]+3(-1-6)=-18+1-21=-38
8 -1 3
A=|4 2 1
0 1
= 8(-8-1)-(- 1)(—16—O)+3(4-0):-72—16+12:—76
2 8 3
A=l-1 4 1
3 0 —4
=2(-16-0)-8(4-3)+3(0-12)=-32-8-36=-76
2 -1 8
As=|-1 2 4
1

3 0
=2(0-4)-(-1)(0-12)+8(-1-6)=-8-12-56=-76
By Cramer’s RuIe

—Al—_76— AZ —76_
X=—l=——=2: y="2= —2 =—=2
A -38 A A -38

~X=2; y=2; z=2

%%%

Exercise problems

1. IfA=[§ g *;]and B=B f‘)} 711]thenfindA+B
50|:A=2[§3g ;1] 1armlOB=B1 S
NI : A

+ +0 -1+
A+B=[7+2 8—4 ][ 4]
2. If A=[7i 3] , B=[§ 7%] and A+B—X:[0] Then find the
ma,trix_xll 3 o [2 1] o [d11 a1
50|‘A—[ s 2]3, B;[3 1%;ll,x:[.51211 azz]
A+B-X=| s 2 +[3 g 53]_+[a; 32122]=0

— —a —a
A+B'X=[ 443-ay 2-5- a;z]=o

y[1—a 4—a12]_
A+ X_[7 —ay; —3—ap =0
4

=Matrix X=[%

-3
3 2 -1 -3 -1 0
3.1fA=[2 -2 o0f,B=| 2 1 3|andX=A+BThen
1 3 1 4 -1 2

find the matrix X.
3 2 -1 -3 -1 0
Sol: A=|2 -2 0f|,B=| 2 1 3|
1 3 1 4 -1 2
A1 12 Az
dz1 QA2 dyg
dz1 A3z dzz
[3 2 =11 [1-3 -1 01[311 Q12 Q13
A+B-X=|2 -2 o1+ 2 1 3|-|221 azz az3|=0
L1 3 1 4 —1 2l1d31 3azx aszs
3—3—ay; 2—1-a;, —1+()—a13]
=0

X=

A+B-X=|2+2—-ay,;, —2+1—-a,, 0+3—ayl=
l1+4—a3; 3—1-—a;z 1+2—as;
0 —ag 1—-a;; —1-—ag;
A+B-X=|4—ap; —1-a,, 3- 323]20
15—a3;; 2—as 3 —as;

0 1 -1
=>Matrix X=l4 -1 3]

5 2 3
x—1 2 y-51[1l-x 2 -y
4 If[ z 0 0 |7 2 0 2 ]then find the
1 -1 1+w 1 -1 1
values of x,y,z,w.
x—1 2 y-=5]1[1l-x 2 -y
Sol [ z 0 0 7] 2 0 2]
1 -1 1+w 1 -1 1

Equating the corresponding elements
X-1=1-x =2x=2=x=1

y-5=-y =>2y=5=>y=§

7=2=>7=2

1+w=1=>w=0

~x=1; y=§;z=2,w=0

x—1 2 5-y][l 2 3
5. Ifl 0 z—1 7 |F|0 4 7|then find the values
1 0 w—-5111 0 0
of x,y,z,w.
x—1 2 5—y][1 2 3
Sol: 0 z—1 7 5|10 4 7
1 0 w—5111 0 O
Equating the corresponding elements
X-1=1=x=2
5-y=3=y=2
z-1=4=7=5
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w-5=0=>w=5 ab 1 a bc
~x=2;y=2;2=5;w=5 =(a-b)(a-c) 8 :1 tc)
1
1 2 -3 = (a-b)(c-a)[1[-b+c]=(a-b)(b-c)(c-a)=RHS
6. Find the trace of the matrix| 0 -1 2 ~LHS=RHS
ﬁ 2 1 1 1 1
1 g _& 11.Showthat|a b c|=(a-b)(b-c)(c-a) (marl9)
-3 2 2 2
3 ac b ¢
Sol: Given matrix| 0 —1 2 1 1
1o, g Sol:LHS=|a b ¢
2 aZ bZ CZ

The trace of a square matrix is the sum of elements in the
principal diagonal.
~The trace of the given matrix is 1+(-1)+1=1 =

7.|fA:[1 4 7], B:[é

C=C-Cy; GGGy
1 0 0
a b-a c—a
a2 b2—a? c2-—22
0 0

17 .
3]vern‘y that

2 5 8 -1 1

(A +B)T =AT+BT -3 b-a c—a
1 4 7 1 2 -1 a* (b—a)b+a) (c—a)(c+a)
Sol: Given A=, 8!)’ B:[O e 3] b-aie-s) 1 (1J (1)
=(Db-a)(c-a)|a
AT=[4 ] BT= [ 1 a2 (b+a) (c+a)
3 =(b-a)(c-a){1[(c+a)-(b+a)]}=(b-a)(c-a)(c-b)

1 4 7 2 -1 1+1 4+2 7-1
A+B-[, 5 8 [0 -1 3H2+0 5-1 8+ 3 =(a-b)(b-c)(c-a)=RHS

= o2 ~LHS=RHS

2 2 12. Find the inverse of [i _15]
LHS=(A+B)T =|6 4 N 0
Sol: Given Af[ T 5] ; det A=2(-5)-1(1)=-10-1=-11

o [ O+l 2voppz 2 .5 q
RHS=AT+BT=(4 SH 2 —1|-|4+2 5-1|6 4] AdJA:[_l 2]
7 8ll-1 3/l7-1 8+3lle 11 _ _1_ade_L[75 71]
~ (A +B)T =AT+BT v T deta -11l— , 2,
-2 51 13. Find the inverse of |
8.IfA=[ 5 O;B:[42 (3) ;]thenfind2A+BT . i ]
-1 4] : SoI:GivenA:[4 6]
—2
Sol: Given A=| 5 o|:B= [ 2 3 1 det A=2(6)-4(-3)= 12+12=24
0 2 a6 3
Adj A= ]
—2 5[4 10 —4 2 L
2A=2| 5 0|/ 10 0 La-ioada_176 3|7 @
-1 411-2 8 ; T deta _Z[— ]_—_1 kR
—2 4 6 1
BT= [ 30
1 2 14. Find the mverseof
o [~% 1012 4] [4-2 10+4
~2A+B*=[ 10 o+ 3 off] 10+3 o0+0 det A=1[(2x2)-(1x3)]- 2[(3x2 (1x3)]+1[(3x1 -1x2)]
f% & 1 2l -2+ 1 8+2 = 1[4-3)-2[6-3]+1[3-2]=1-6+1=-4
_ [*13 0 Cofactors of elements of A are
T 12 3, . __ I3 3|_ e
1 10 L1, Aw=] 2]74-34, Agp= | =-(6-3) =-3;
9, Findthedeterminant[ 3 0 4] AH:E ﬂ:g_zzl; Az1=-|i 1| (4-1)=-3
-4 -2 5 11 1
1 -1 2 A22=‘1 2|:(z-1)=1; A23=—]1 1|_-(1-2)=1
Sol: A=| 3 0 4 7 1 1 1
4 25 As=ly o= (62=45A0=, |-6-3)-
det A=1[(0x5-(-2)x4]-(-1)((3x5)-(-4x4)+2[(3x-2)-(-4x0)] Al 2o
=1[0+8]+[15+16]+2[-6-0]=8+31-12=27 73 2
1 a bc A1 Az Ags 1 -3 1
10. Showthat |1 b ca|=(a-b){b-c)(c-a) fA=|A2r Azp Agf=|-3 1 1
Az; Azp Az 4 0 —4
1 ¢ ab 1 23 74
1 a bc SAdjA=|-3 1 0
Sol:LHS=|1 b «ca 1 1 —4
1 ¢ ab 1 -3 4
R;—Ry-Ry; Ry—Ry-R, AC1AUA_ 1) o
1 a bc 1 a bc detA —4

0 —(a—b) c(a—b)
0 —(a—c) bla—c

=[0 b—a ca—bc|=
0 c—a ab—bc

—4
1 0 2
15. Find the inverseof |2 1 0

det A=1[(1x1)-(2x0)]-0[(2x1)-(3x0)]+2[(2x2)-3x1)]
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= 1[1-0]-0[2-0]+2[4-3]=1-0+2=3
Cofactors of elements of A are

2 0
Au=l) I 10-1; A12=—|3 1|=-(2-0)=-2,
21 0 2
Ass=ls Zl:4-3:1; A21=-|2 1‘:-(0-4):4
=1 2 qeree A=l Ol 50—
Azz—]8 %l—(la)-s, A \13 22—(20)—2
A31=I1 OIZ (0-2):-2 ;A32=‘[2 0|:- (0-4)
As=|) U101
Ayr Ay Agg 1 -2 1
FA=|Asr Ags Ags|=| 4 —5 —2
Ay Asp Al |2 2 1
1 74 22
“AdjAs|—2 —5 4
1 -2 1
agia 1| L 2
_1 ] o
A detA 3[ ) z ;L]

16. Solve the following system of equation using
Cramer’s Rule.

3x+4y+5z=18; 2x-y+8z=13; 5x-2y+72=20

Sol: 3x+4y+5z=18

2x - y+8z=13
5x -2y+7z=20
3 4 5 X 18
LetA=[2 -1 8];x=[y];3=[13]
5 -2 7 z 20
3 4 5
Now |Al=A=[2 -1 8
5 -2 7
det A=3(-7+16)- 4[14-40]+5(-4+5)= 27+104+5= 136
18 4 5
A=[13 -1 8
20 -2 7
= 18(-7+16)-4( 91-160)+5(-26+20)=162+276-30 = 408
3 18 5
A=|2 13 8
5 20 7
=3(91-160)-18(14-40)+5(40-65)=-207+468-125 = 136
3 4 18
As=[2 -1 13
5 -2 20

=3(-20+26)-4(40-65)+18(-4+5)=18+100+18= 136

By Cramer’s Rule
A, _408_ A2_136 coB83 1836 o a1, -
=—l=——=3; y=—2=—r ==3=——=1; ~x=3; y=1; z=1
A 136 A 136 7’7 A 136 7 Y=L
17. Solve the system following of equations using
crammer’s rule
X+y+2=3,2x+2y-z=3,x+y-z=1.

Sol: x+ y+z=3,

2x+2y-z=3,
x+ y-z=1
11 1 X 3
Let A=[2 2 —1}; X:[Y]; B:[B]
11 -1 Z 1
1 1
Now |A|=A= 2 -1
1 1 -1

det A=1(-2+1) -1[-2+1]+1(2-2)=-1+1+5= 136

31 1
A=|3 2 —1| =3(-2+1)-1( -3+1)+(3-2)=-3+2+1
1 1 -1
1 3
A=12 3 -1 =1(-3+1)-3(-2+1)+1(2-3)=-2+3-1
1 1 -1
1 1 3
As=|2 2 3| =1(2-3)-1(2-3)+3(2-2)=-1+1+0=
11 1

By Cramer’s Rule
x=tl=—=3: y=2=—=1; 7=58=—=12x=3; y=1; z=1
18.Solve 2x+4y-z=0; x+2y+2z=5; 3x+6y-72=2 by
matrix Inversion method.
Sol: 2x+4y - z=0;
X+2y+2z=5;
3x+6y 72=2

sl el

Given equatlon can be written a AX=B

Matrix inversion method X=A"1B is the solution.
det A=2(-14-12)-4[-7-6]-1(6-6)=-52+52-0=0

det A=0 the problem has no solution.

Sol: 2x-y+3z=9
X+y+z=6
3 X 9
ooy
1 -1 1 z 2
Given equation can be written a AX=B

1.Solve 2x-y+32=9; x+y+z=6; X-y+z=2 by matrix
X-y+z=2
2 -1
Matrix inversion method X=A"1B is the solution.
det A=2(1+1)-(-1)[1-1]+3(-1-1)=4+0-6= -2

Inversion method.
Let A:[l 1
Cofactors of elements of A are

1 1 1 1
A11=‘ |—1+1:2; A12=—|1 1|:—(1—1):0;
1
Algz‘ 1| =1-1=-2; Ayy=- | i|:-(-1+3):-2;
-1
Azz-‘l 1] (2-3) =-1; AB--| T2t
-1
Agp= 1 3—(13) -4;A32=- |1 1‘ =(2-3)=%
1
A2 Tl@v)-3
A1 Ay Agg 2 0 -2
AfA=|Ayy Ay, Anl=|—2 -1 1
As; Az Al -4 10 03
2 -2 -4
AdjA=| 0 -1 1
-2 1 3
agia 1| 5 T2 TY
-1_AdjA B
det A —2[ 0 L 1
—2 1 3
By matrix inversion method
) 2 =2 —4719
X:A"lB:_—z[ 0 -1 1] [6
—2 1 34 L2
18—-12 -8 —21 11
1 1
:_—2[ 0-6+ 2]—_—2 44H2]
-18+6+6 L6l 13

«x=1;y=2;z=3
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4&5 VECTOR ALGEBRA
1. Let a=1+2j+3Kk and b = 31 + J find the unit
vector in the direction of a+b
Sol: a=1+2]j+3kand b = 31 +7J
a+b=1+27+3k+31 + J=41+37+3k
|2+ b|=y@Z+ 37+ 3?=vI6 + 9 +9=v3%
= Unit vector in the direction of 2 + b is
a+b _#1+37+3k
Ja+b| V34
2. If the vectors —31+4j+AKk and ui+8j+6k are
collinear then find A and p.
Sol: —31+47+ Ak , u1+8j+6k are collinear
= pi+8j+6k =m( —31+4J+1Kk)
8=4m = m=2=2; 6=Am

p=-3m;
6 6

~ U=-3m=-3(2)=-6 ;6=Am = A= o 3 =3

W A=3;u=6

3. If the points whose position vectors are

31-2j-K, 21+37-4K,—1+J+2K and 41+5)+AK are

coplanar then show that 4 = %.

Sol: If A,B,C,D are the given points respectively,

then

0A =31-2)-k
OB =21+37-4k
0C =—1+7+2k

0D =41+57+1k

AB =0B -0A=(21+3]-4k)-( 31-2j-k)=—T+5]-3k

AC =0C -0A=(—1+j+2k)-( 31-2)-k)=—41+37+3k

AD =0C -OA=(41+57+AKk)-( 31-2J-K) =T+ 77+(A+1)k
Given points are coplanar [AB AC ADJ=0

-1 5 -3
=|-4 3 3 |=0
1 7 (A+1)

=-1[3((A + 1)-21]-5[-4(A + 1)-3]-3[-28-3]=0
=-3 A-3+21+20 A+20+15+84+9=0
=17V+146=0

-146
= A=——
17

4. If OA=1+J+k, AB=31-2J+K, BC=1+2J-2k and
CD=21+]+3k. Then find the vector OD
Sol: OA=T++k

AB=31-27+k

BC=1+2j-2k

CD=21+J+3k
OD=0A+AB+BC+CD=(T+]+k)+(31-2J+Kk)+( 1+2J-
2Kk)+( 21+47+3K)
~0D=71+2j+3k
5. Let a=21+4j-5K, b=1+j+k and ¢ = J+2Kk. Find the
unit vector in the opposite direction of a+b+c.
Sol: Let a,b,c be the given vectors respectively.
~a+btc=(201+41-5K)+( TH+K)+( J+2Kk)= 31+6]-2k
la+b+c|=/B)2+ (6)2 + (—2)2 =V + 36 + 4 =/49=7

—(a+b+c) —(31+6]-2K)

|a+b+c| 7 o
6. OABC is a parallelogram, if 0A =a and OC =c.
Find the vector equation of the side BC.
Sol: OABC is a parallelogram = CB=0A=a
Equation of BC is r=C+ta, tER
7. Find the vector equation of the plane passing
through the points 1-2J+5Kk,-5]-kand-3 1+5).
Sol: The vector equation of the plane is
T=(1-S-t)a+Sh+tc
S,t are scalars
A(@)=1-2J+5k

B(b)= -5k
C(c)=-31+5)
T=(1-5-t)(1-2)+5k)+S(—5] — k)+t(—3 1+ 5))
8. If a=61+2J+3K and b= 21-9J+6K, then find the
angle between the vectorsaand b.
Sol: Let a=61+2j+3k

b= 21-9j+6k

a.b =(61+2j+3K).( 21 — 97 + 6k)=12-18+18=12
l[al={/(6)% + (2)2 + (3)2=V36 + 4 + 9 =V49=7
[b|=J/(2)2 + (=9)? + (6)? =v4 + 81 + 36 =v121=11

Required unit vector=

a.b 12 12
cos(a.b)= = ==
os(a.b) [allbl ~ 7x11_ 77

112
=a.b=cos 1=

77

— . -1 12
Angle between the vectors 3 and b is cos™! -

9.If|a|=11, |b|=23 and |a — b|=30. Then find the
angle between the vectors a and balso find
|a+ b|.
Sol: Given |al=11, |b]=23 and |a — b|=30
Let Obe the angle betweena and b
- [a - b|*-a%-2ab+b?
30%=112-2x11x23x cos 8+23?
900 =121-506 cos 6+529

250 125
= cos f=—— =2
506 253
f=cos™ 1=
253

|a + b|*=a2+2ab+b?=112+2x11x23(S=)+23°
|a + b|”=121-250+529-400
|a + b|=v400=20
10. If the vectors A1-3j+5k and 241-1j-k are
perpendicular to each other, find A.
Sol: Given vectors A1-3j+5k and 2A1-4J-k
Given vectors are perpendicular
(A1-37+5K).( 2A1-2J-k)=212+31-5=0
(24+5)(A-1)=0
s A=1 or%
11.If 2=21j+3k and b=1-3j-5k. Find the vectorc,
such that a, b and € form the sides of a triangle.
Sol: Given 2=21+3k

b=1-3]-5k
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c=?

a,b and c are the sides of a triangle

a+b+c=0

(219+3K)+( 1-3]-5k)+c=0

(31-43-4k)+c=0

=c=-31+4J+4k

~Vector C=-31+47+4k

12. If |a|=2, |b|=3 and |c|=4 and each of 3, b and €

are perpendicular to the sum of the other two

vectors then find the magnitude of a+b+c.

Sol: |a]=2, |b]=3 and |c|=4

a is perpendicular to b+c

=a.(b+c)=0

=a.b+a.c=0 ...(1)

b is perpendicular to c+a

=b.(c+a)=0

=b.ct+b.a=0 ...(2)

c is perpendicular to a+b

=c.(a+b)=0

=c.a+c.b=0 ...(3)

Eq(1)+eq(2)+eq(3)

=( a.b+a.c)+( b.c+b.a)+( c.a+c.b)=0

=2a.b+2b.c+2a.c=0

la+b+c|*’=(a+b+c)?
=a2+b?+c2+2a.b+2b.c+2a.c
=|a|?+|b|?+|c|?+0
=22+32442=4+9+16=29

~la+b+cl=v/29

13. Find the area of the parallelogram for which

the vector . a=21-3] and b=31-k are adjacent sides.

Sol: a=21-37 and b=31-k
Area of the parallelogram

L k
axXb=[2 -3 0 |=i(3-0)-j(-2-0)+k(0+9)=3i+2j+9k
3 0 -1

Area of the parallelogram is
|aXb|=y )7 + @)% + (9)Z =v9 + 4 + 81 =/94 units.

14. If 4i+23—Pj+PT( is parallel to the vector 1+2j+3Kk.
Find the value of P.
Sol: Vectors 4T+§T+PE; 1+27+3k
Vectors are parallel
47+§7+P1‘<=m(f+2j+31‘<)
=4=m ;% =2m ; P=3m
—m=4 ;%: x4 ;P=3x4=12
=pP=12
15. If |a|=13, |b|=5 and a.b=60. Then find |aXb|
Sol: Given |a|=13, |b|=5 and a.b=60

|axb|*=|al2. [b]2-(a. b)?

=132, 52-602=169X25-3600=4225-
3600=625
» |axb|=V625=25
16.If a=71-2J+3k, b=21+8k and ¢ = 1+J+K, then
compute axb, axc and ax(b + c). Verify whether
the cross product is distributive over vector
addition.
Sol: Given a=71-2J+3k,

b=27+8k
c =T++k
b + T =(21+8Kk)+( T+j+k) = 3143+9k
_ i ok
ax(b+7c)=|7 -2 3|=i(-18-3)-j(63-9)+k(7+6)=-21i-
3 1 9
54j+13
_ i i k
axb=|7 -2 3|=i(-16-0)-(56-6)+k(0+4)= -16i-50j+4k
2 0 8
i ik
axc=|7 -2 3|=i(-2-3)-j(7-3)+k(7+2)= -5i-4j+9k
1 1 1

(axb) +( axc) =(-16i-50j+4k)+( -5i-4j+9k)= -21i-
54j+13k

= ax(b + ©)= (axb) +( axc)

17. If a=31+2K, b=—1+3j+2K, c=41+5}-2k and
d=1+3j+5K. Then compute the following.

(i) (axb) X( exd) (ii) (axb). c-(axd).b

Sol: Given a=31J+2k, b=—T+3J+2k, c=41+5]-2k and
d=1+3j+5k

i i k
3 -1 2
-1 3 2

(i) axb= =i(-2-6)-j(6+2)+k(9-1)= -8i-8j+8k

i j ok
4 5 -2
13 5

txd= =i(25+6)-j(20+2)+k(12-5)

= 31i-22j+7k

i j k
-8 -8 8
31 =22 7
=i(-56+176)-j(-56-248)+k(176+248)
= 120i-304j+424k

(i) (axb) X(Txd) =

T
axd=[3 —1 2|=i(-5-6)-j(15-2)+k(9+1)= -11i-13j+10k
1 3 5

(i) (axb). t-(axd).b
= (-8i-8j+8k).( 47+5J-2Kk)-( -11i-13j+10k).(—T+3]+2k)
=(-32-40-16) — (11-39+20) = -88+8 = -80
18. If the vectors a=21-J+k, b=1+2j-3k and
¢=31+P}J+5K are coplanar, then find P.
Sol: a=21J+k,
b=1+2J-3k
c=3T+PJ+5k
51,13, C are coplanar |§. E.E| =0
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_ -1 1
la.b.tj=[1 2 -3]=0
3 P 5

=2(10+3P) +1(5+9)+1(P-6)=0

= 20+6P+14+P-6=0

=7P+28=0=P="2"=-4
19. Find the equation of the plane passing through
the points A(2,3,-1), B(4,5,2) and C(3,6,5)
Sol: Given points A(2,3,-1), B(4,5,2) and C(3,6,5)
Let P(x,y,z) be a point on the plane passing through
A,B,C
For all positions of P on the plane, the three
vectors AP, AB, AC are coplanar
AB=B-Aand AC=C-A
= |AP.AB.AC|=0

x—2 y—3 z+1
=>| 2 2 3 |=0
1 3 6

=(x-2)[12-9)-(y-3)[12-3]+(z+1)[6-2]=0
=3x-6-9y+27+4z+4=0
=3x-9y+4z+25=0
Equation of the plane passing through the points is
3x-9y+4z+25=0
20. Find the shortest distance between the skew
lines r=(61+2j+2K)+t(1-2j+2K) and
r=(-41-K)+s(31-2j-2k)
Sol: Given skew lines
T = (6T+2]+2k)+(1-2]+2k)
T =(-41-k)+s(31-2)-2k)
F=3+tb ; F=C+sd
[(a-©).bxd|
[bxd|

~a=61+2j+2k b=1-2j+2k

c=-41-k d=31-23-2k
a — © =(61+2J+2k)-( -41-k)= 101+2J+3k

— |1
bXd=

Shortest distance =

1 —]2 l; =i(4+4)-j(-2-6)+k(-2+6)= 8i+8j+4k
3 —2 -2
~ (3 —©).bXd =(101+25+3K).( 8i+8j+4k)
=10X8+2X8+3X4=80+16+12=108
|bXd|=/®7 + @2 + (4% =64 + 64 + 16 =V144 =12
~Shortest distance=w=w =9
[bxd] 12
21. Simplify the following
(i) (-2)+3K)X(214J-K). 0 + K)
(ii)( 21-37+K). (1— T + 2K)X (21 + ] + k)
(i)Sol: (1-2J+3Kk)X(21+7-k). (G + k)
3

1 —
=2 1 —1[=1(1+1)- (-2)[2-0]+3(2-0)=2+4+6=12
0 1 1

(ii) (21-37+k). T =7 + 2k)X(21+7 + k)
2 -3 1
1 -1 2
2 11
22. Find A in order that the four points A(3,2,1),

B(4,4,5), C(4,2,-2) and D(6,5,-1) be coplanar.

2(-1-2)- (-3)[1-4]+1(1+2)=-6-9+3=-12

Sol: A(3,2,1), B(4,4,5), C(4,2,-2) and D(6,5,-1)
A,B,C,D be coplanar

AB =0B - 0A =(4-3)i+( A-2)j+(5-1)k= i+( A-2)j+4k
AC =0C - 0A =(4-3)i+( 2-2)j+(-2-1)k=i -3k

AD =0D - 0A =(6-3)i+( 5-2)j+(-1-1)k= 3i3j-2k
A,B,C,D are coplanar [AB AC AD |=0

1 A—2 4
=1 0 —3(=0
3 3 -2

=1(0+9) - (A-2)[-2+9]+4(3+0)=0

=9-7A+14+12=0

=7A=35 = A=2=5

23. Find the volume of the tetrahedron having the
edges 1+J+K, 1-] and 1+2jJ+k

_ 1101
Sol: [T+7+k 1T—7 1+2j+k]=j1 -1 o0
1 2 1

=1(-1+0)- 1(1-0]+1(2+1)=-1-1+3=1
~Volume of the tetrahedron = %(1)= % cubic units
24.Compute [1—] 1—k k-7

1 -1 0
Sol:{ 1 0 —1[=1(0-0)- 1(1-1]+0(0+0)= 0+0+0=0
-1 0 1

25. If a=(1,-2,1); b=(2,1,1) and ¢=(1,2,-1) then find
|ax(bxc)land |(axb )xc|
Sol: a=(1,-2,1); b=(2,1,1) and ©=(1,2,-1)

F=T-2J+K,
b=21+j+k
c=1+2jk
_ i j ok
axb= |1 -2 1|=i(-2-1)-j(1-2)+k(1+4)= -3i+j+5k
2 1 1
_ i j k
bxt=[2 1  1|=i(-1-2)-j(-2-1)+k(4-1)= -3i+3j+3k
1 2 -1
_ i j ok
ax(bxt)=| 1 -2 1|=i(-6-3)-j(3+3)+k(3-6)
-3 3 3
= -9i-6j-3k
_ i j ok
(axb)xc=|-3 1 s | =i(-1-10)-j(3-5)+k(-6-1)
1 2 -1

= -11i+2j-7k
|ax(bxT)|=|-9i - 6j — 3K|
= /(=92 + (=6)2 + (-3)*=V81 +36 + 9 =126

|(ax b )xc|=|-11i + 2j — 7K|
= J(—1D2+ ()2 + (-7)2=V121 + 4 + 49 =V174
26. If a=21+2J-3K, b=31-J+2K, then find the angle
between (2a+b) and (a+2b).
Sol: a=21+2J-3k,
b=31j+2k

~23+b=2(21+2J-3k)+( 315+2K)= 71+3]-4k
|23 + b|=|71 + 37 — 4k|

=D+ 32+ (—4)2=29 1 9 + 16 =174

a+2b=(21+27-3k)+2(315+2k) = 81+k
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|a + 2b|=|81 + K|
=,/(8)2+ (1)? =V64 + 1=V65
Angle between (23+b) and (3+2b)

= cos e_(2a+B).(a+25)_(7T+3j—4E).(ST+E) _ 56+0+(—4)
" |2a+b|]a+2b| V7465 T V7aVes
=———— = P=cos~! 5_2
V7465 V7aves

27. Simplify the following

(a) (1-2J+3K)X(21+3-k)x( + k)

(b)( 21-3]+Kk). (1 —J + 2k)x(21+ ] + k)
Repeated Q.No.21

28.If a, B, € are non coplanar vectors, then find
(a+2b-0) [(a-b)x(a-b-7)]

B a b B

Sol: 3, b, € are non coplanar vectors =[a b ¢]#0
We have (a +2b —¢).[(a —b)x(a—b —7)]
z[a+2b-T a-b a-b-7

the value of

:1 —21 _3 [a b ¢]=1(1+0)-2(-1-0)-1(-1+1) [a b €]
1 -1 -1

=(1+2-0)[a b ¢]=3[a b T
(@a+2b-0)[(@E-b)x(@a-b-v)] _ 3[@a bl _
Now —
[ b @ "3 b e]

Solved problems in the Text book
1.Find the point of intersection of the line
t=2a+b+t(b-¢) and the plane F=a+x(b+¢)+y(a+2b-t)
where 3, b and € are non coplanar vectors.

Sol: At the point of intersection of the line and
plane, we have

2a+b+t(b-t) = a+x(b+c)+y(a+2b-t)
2a+(1+t)b-tT =(1+y) a+(x+2y)b+(x-y)T

On comparing the corresponding coefficients
=2=1+y; 1+t=x+2y; -t=x-y

=1=y; t=x+2y-1; -t=x-y

=y=1, x=0; t=1

~The point of intersection is 2a+2b-c

2.If a=21+3J+4K; b=1+J- k and c= 1J+K, then find
ax(bxc) (mar19)

Sol: Given a=21+3J+4k; b=T1+J- k and = 1+k

_ i j k
bxc=[1 1 -1[=i(1-1)-j(1+1)+k(-1-1)= -2j-2k
1 -1 1
_ i j k
ax(bxC)={2 3 4|=i(-6+8)-j(-4-0)+k(-4-0)
0 -2 -2

= 2i+4j-4k
~ ax(b x T)= 2i+4j-4k
Exercise problems
1. Find the unit vector in the direction of §=2T+3j+l_<
Sol: Given a=21+3J+k
unit vector in the direction of 3=— =———— 23K

|a| V@2 3)2+)?
21+3]+k
= Jarori v— TlZr 3k

2. Find a vector in the direction of vector a=1-2J
that has magnitude 7 units.
Sol: a=1-2) = |a|=/(D)Z + (-2)2=VI + 4 =V5
unit vector in the direction of 3 = — = =

|a| V5
Therefore the vector having magnitude 7 units in

the direction of a=7a
~TFa= 7{1 2], 7 - 14_

T rEEYE

3. Find the unlt vector in the direction of the sum
of the vectors a=21+2]-5k and b=21+]+3k.

Sol: Given a=21+2]-5k and b=21+J+3k

a+b =(21+2]-5k)+( 21+7+3k) =41+3j-2k

= |3+ b|=/(®)2+ 3)? + (—2)?=V16 + 9 + 4=v29

a+b

[a+b]
4—1+3] -2k
o r(41+3] -2k)
4.Find the direction ratio and direction cosines of

the vector T+]-2k.

Sol: Let a,,y are the angles made by the vector
OP = F=1+]-2k

7l =2+ D)2+ (-2)2=vI+1+4=V6

Direction cosines of the vector T are

» unit vector in the direction of a+b =

1
I—cosoc—IrI \F,m cosf = IrI =T
n=cos =2 2%

Ve~ L
~direction cosines of the vector is (ﬁ' & \/_g)

5. Consider two points P and Q with position
vectors OP =3a-2b and 0Q =a+b. Find the position
vector of a point R which divides the line joining P
and Qin the ratio 2:1,

(i) internally and (ii}) externally

(i) Sol: The position vector of the point R dividing

the join of P and Q internally in the ratio 2:1 is

W_2(0Q)+1(0P) z(a+b)+1(3a 2b) _5a
2+1 3

(ii) Sol: The position vector of the point R dividing
the join of P and Q externally in the ratio 2:1 is

OR 2@2) i(op) z(a+b)—11(3e‘1—2b) =4l_) g

6. Show that the points A(21J+k), B(1-3]-5Kk),
C(31-43-4Kk) are the right angled triangle.
Sol: AB = OB - 0A =(1-37-5k) - (215+k)
=(1-2)T#(-3+1)J+(-5-1) k) = - 1-2]-6k
= [AB|=y/(=1)2 + (=2)Z + (—6)2=V1 + 4 + 36=V41
BC = OC - OB =(31-4j-4k) - (1-3]-5k)
=(3-1)1+(-4+3)j+(-4+5) k) =215+k
= |BCl=/(2)2+ (-1)2+ (1)2=Va + 1 + 1=V6
CA = DA - OC =(213+K) - (31-47-4k)
=(2-3)T+(-1+4)J+(1+4) k) = - T+3J+5k
= |CAl=/(-1)2 + 3)2 + (5)2=V1 + 9 + 25=V35
Here, |AB|?=41; |BC|?+|CA|?>=6+35=41
= |AB|*= |BC|*+|CA[?
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7.1f3, b, Tare non coplanar vectors, prove that
-a+4b-3¢, 3a+2b-5¢, -3a+8b-5¢, -3a+2b+C are
coplanar. (marl9)

Sol: Let O be the origin of reference so that
0P= -a+4b-3¢, 0Q=33+2b-5¢, OR= -33+8b-5¢,

0S = -3a+2b+¢

PQ = 0Q - 0P=(32+2b-5¢) —(-a+4b-3¢)= 4a -2b -2¢

PR = OR - OP=(-332+8b-5¢) —(-a+4b-3¢)= -2a+4b-2¢

PS = 0S - OP=(-3a+2b+¢) —(-a+4b-3¢)= -2a-2b+4¢
4 -2 =2

Now,[PQ PR PS]=|-2 4 -2|lz b d
-2 -2 4

=[4(16-4)-(-2)[-8-4)-2(4+8)] [a_b cl=[48-24-24][a b cl=0
Hence, the three vectors PQ, PR, PS are coplanar
~The four points, P,Q,R,S are coplanar.
8. Find the vector equation of the line passing
through the point 21+ 3] + k and parallel to the
vector 41 — 2 + 3k.
Sol: The vector equation of the line through the
point A(3) and parallel to the vector b is
r=a+tb, teR
Here, the point A(3)= 21 + 3 + k and the vector
b=41— 2] + 3k
~Vector equation of the line is
t=(21+ 37 + k)+t(41 — 2] + 3k), teR

=(2+ 401+ (3 - 207 + (1 + 30k, teR
9.Find the vector equation of the line joining the
points 21 + 7 + 3k and -41 + 3] — k.
Sol: The vector equation of the line through the
point A(a), B(b) is
F=(1-t)a+tb, ter
Here, the point A(a)= 21 +7 + 3k,
B(b)=-41+ 3] —k
~Vector equation of the line is
F=(1-t)(21 + 7 + 3k)+t(—41 + 37 — k), teR

=(2 — 601+ (1 + 2] + (3 — 40k, teR
10.Find the vector equation of the plane passing
through the points T— 2J + 5k, =57 — k,31 + 5J.
Sol: The vector equation of the plane passing
through the points A(a), B(b), C(c) is

F=(1-s-t)a+sb+tc, teR
Here, A(3)=1— 2J + 5k
B(b)=—5)—k
C©=3T1+5]
~Vector equation of the plane is
F=(1-s-t)(T— 2J + 5k)+s (=5] — k) +t(3 1+ 5j), tER

KKk
1.Find the cosine angle between the vectors
21-J+kand31+47-k
Sol: Sol: Let 2=21-J + k
b=31+47-k

a.b=(21-7+Kk).(3T + 4] — k)=6-4-1=1
lal=y/@)2+ (D2 + (1)2=V4+ 1+ 1=V6

||5|:\/(3)2 + @2+ (-1)2=/9+16 +1=V26

cos(a.b)= =2 = L

lal|b] ~ v6v26 V153
_ = 1 1
= a.b=cos™ ' —
V153

Angle between the vectors a and b is cos ™ (

2. If the vectors 21+A7-kand 41-27+2 k are

perpendicular to each other, find A.

Sol: Let 2=21+17- k
b=41-27+2k

If 3, b are perpendicular then a.

a.b=(21+17-k).(41-27+2k )=0

=8-21-2=0

=21=6;=>A1=3

3. If a+b+c=0, |a|=3, |b|=5, [c|=7,then find the

cosine angle between vectors a and b.

Sol: a+b+c=0 = a+b= -t = |a + b|=|—¢|

> |a+b[*=|-cf?

= 3%2+b%+23. b=c?

= a%+b2+2|al.|b| cos o=c?

= 32+52+2.3.5 cos §=77

= 9+25+30cos 6=49

15 1 R
= cosf=—=== 0=60
30 2

1
Wt

b=0

= Cosine angle between vectors 3 and b is =60°
4.1f |a]=2, |b|=3 and(a, b)=30°, then find [axb]|"
Sol: Given [a|=2, |b|=3 and(a, b)=30°
|axb|"=[al?|b| sin?6 =22. 3%5in?30°=4.9 .(3)?=9
5. Find the unit vector perpendicular to both
T+7+k and 21+7+3k

Sol: Given a=T +J+k: b=21+7+3k

ven 2l . )
L1 a]-13-1) 32+ k(1-2)= 217K
213
|axb|=y@7 + D7 + (D7 -VEF I+ 1-V5

axb =

~ unit vector perpendicular to aand b is =+ B
=+ 2 e 2T -7 - )

6. If B is the angle between1+7 and7 +k then find
sin 6.

Sol: Given a=1 +7J: b=j +k

3= + (07 T7T V2

[b|=y D7+ 7 T+ 112

_ 1 k _ —
axb=i 1 o|l-1(1-0)-J(1-00+ K(1-0)=1-T+ K
0 1 1
|axb|=yD2 + D2+ (Z=vIT1+1=v3
. sin @ = [2xD| B
- Tallb] " v2vz 2

7. Find the area of the parallelogram whose
diagonals are 31+ -2k and T-37 +4k.
Sol: Let d; =31 +7 -2k and d, =1-37 +4k
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T 3 k
d;xd,=|3 1 -2
1 -3 4

-1(4-6) -(12+2)+ k(-9-1)

=-21-147-10k
~Area of parallelogram,
17— —|— 1 5 - -
> |dy xdj| = 5\/(—2)-Z + (—14)2 + (—10)?
% VAT 196 + 10 \/30 \/_ 53 sq.units

8.Find the area of the trlangle having 31+47 and
-51+77 as two of its edges.

Sol: Let a=31+47 b=-51+77
_ ] k _ _
axb=|3 4 0|=1(0-0)-3(0-0)+Kk(21+20)= 41k
-5 7 0

~Area ofthe given triangle == |§ Xl_)|=1 |41 K|
I k|——(1) 20.5 sq.units

9.Find the equation of the plane passing through

the points A(1,2,3),B(2,3,1) and C(3,1,2).

Sol: Given points A(1,2,3),B(2,3,1) and C(3,1,2).

Let P(x,y,z) be a point on the plane passing through

AB,C

For all positions of P on the plane, the three

vectors AP, AB, AC are coplanar

AB=B - Aand AC=C-A

= |AP.AB.AC|=0

x—1 y—-2 z-3
= 1 1 -2 |=0
2 -1 -1

=(x-1)[-1-2)-(y-2)[-1+4]+(z-3)[-1-2]=0

=-3x+3-3y+6-3z+9=0

=3x+3y+32-18=0

Equation of the plane passing through the points is

X+y+z-6=0

10.If 2+b+c=0 then prove that axb =bxc=cxa
(may19)

Sol: Given that a+b=-¢ ..(1)

Now, cross multiplying eq(1) with a, we have

ax (a+b)=ax (—c)= axa+axb =-(axc)

= 0 +(axb) = (cxa) > axb =txa ...(2)

Again cross multiplying eq(1) with b, we have

bx (a+b)= bx (—t)=> bxa+bxb =-(bxt)

= bxa+0 = (cxb) = bxa = txb = axb = bxt...(3)

From eq(2) & eq(3) we have, axb =bxc=cxa

11.1f a=21+7 - k, b= -1+ 27 -4k, =1+ +k then find

(axb).( bxc)

Sol: Given that a=21+J -k, b= -1+ 2] -4k, T=1 +7 +k

_l1 7 k _ _

axb=|2 1 —1[=1(-4+2)(-8-1)+k(4+1)=-21+9] + 5k
-1 2 —4

- T 7 k _ =

bxc=|_1 2 _4|=1(2+4)J(-1+4)+k(-1-2)=61-37 -3k
11 1

(axb).( bxc)= (-21+97 + 5k).( 61— 3] — 3k)
= (-2)(6)+(9)(-3)+(5)(-3)= -12-27-15= -54
~(axb).( bxc)=-54

12.Prove that the vectors 21 —J + k, T — 3] —

31- 47 -4 k are coplanar.

5k,

Sol: We know that, if the vectors a,b,C are coplanar

Then[z b ¢l=0:

Given a=2i—]J+kb=1—3j—5k; c=31-47-4k

2 -1 1

[ b cl=|l -3 -5|=2(12-20)-1(-1)(-4+15)+1(-4+9)
3 -4 —4
=-16+11+5=0

~The vectors 3,b,¢ are coplanar

13.1f3,b and T are unit coplanar vectors, then find

[22a—-b 2b-¢ 2c-al
Sol:[2a—b 2b-t 2c-al
=(2a — b).{( 2b — ©)x(2c — a)
=(2a — B){4(Bxa) — 2(bxa)+( cxa)}
= 8{a.( bxc)- b.( txa)

=8z b cl-la b ¢=7lz b T=0
~[2a—b 2b-¢ 2c-3l=0
14.Find the value of t, if the vectors

a=21-37+kb=1+2j— 3Kk cJ-t kare coplanar.

Sol:3,b and € are coplanar vectors, then
[ bc=0

2 -3 1
@b c=1 2

0 1 -t
= -4t+6-3t+1=0
=-7t+7=0 =>t=1

$&S

=2(-2t+3)+3(-t-0)+1(1-0)
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6. TRIGONOMETRIC RATIOS AND FUNCTIONS
1. Find the value of
cos 225°- sin 225°+tan 495°- cot 495°
Sol: cos 225°- sin 225°+tan 495°- cot 495°
=cos(180 + 45)°- sin(180 + 45)°+tan(360 +
135)°- cot(360+135)°
= -cos 45°+sin 45°+tan 135°- cot 135°

= \/_ +\/—_-1+1 =0

2. Find the value of

sin? —+sin? 4"—“+sm2 57, sin2 2%
10 10 10 10

2 6Tt 2 9T
Sol: Sll’l —+51n +sm —+sin® —
10 0 O 0

- T cin2 P2 n2
=sin? 10+sm ( o T)+sin ( m ) ( )

=sin? l+sin2 (E - 1)+sin2 (E —)+51n2 (n - 1“—0)

10T—TT

-sm +COS +COS +Sll’1 —

10
=2(51r1 Z+cos —) = 2
10 10

3. Find the value of
c05245°+c0s2135°+¢c0s%225°c0s2315°
Sol: cos?45°+c0s%135%c0s%225°+c0s2315°
=005245°+c0s? (180 — 45)°+cos?(180° + 45°)
+c0s2(360 — 45)°
=c05245°+c0s245%c0s245%+c0s245°
_ 2ac0_a¢ L N2_a(Ly _
=4c0s“45 -4(\5 ) -4(2) =2
2 3Tt

r

25

) . 92
4. Find the value of sm2 ?ﬂ+ cos?==-tan

31
Sol: sin? ?+ cos? = tan2

=sin?120° + c052150° tar12135°
=sin?(90 + 30)° + cos?(90 + 60)° - tan?(90 + 45)°
=c0s230°4sin?60°cot?45° =(2 )2 + (2 )2 — 1

3.3 1
==+4=-1==
' 2 610 700
o tan °+tan °

5. If tan 20°=P, then prove that T ———
_ 1-pP?

1+P2

tan 610°+tan 700°
Soli ——————

tan 560°—tan 47_9" 5
= tan 610°=tan(—1T — 20)=cot 20°=—=—
2 tan 20
tan 700°=tan(4m — 20)=—tan 20°
tan 560°=tan(3m + 20)=—tan 20°

tan 470°=tan (2= + 20)=cot 20°=—
2 tan

20° 2
1 s 1 1-P
. tan610°+tan700°  Gaogr AN20° P =
o = 1 - 1~ p2
o tana70° o _p_17p24g
tan 560°—tan 470 tan20°-——=s —P-3 =
_ 1-P?
1+P2

k18 3n 5n 7 9n
6. Show that cotﬁgcot %Scotz—%cot @ cot %-1
Sol: LHS =cot— cot = cot == cot = cot —
20 290 2031T 2071T 20 o
=(cotl cot—n)( cot—cot—) cot—
20 7 207 77020 20 20
=cot—cot=cot— =(1)(1)(1)=1=RHS
vA+B =2
2

cotAcotB=1
T 9T 3 7m_m
20 20 20 20 2
7. If tan 20°=4, then prove that
1-22
22
Sol: tan 20°=A
tan 160°=tan(180° — 20)=—tan 20°=-7\
-1

tan 110°=tan(90° + 20)=— cot 20°= -———=—

tan 160°-tan110° _
1+tan 160°tan 110°

tan20° A
. LHS=tAn160°~tan110° _ A=) A _1-2%
' _1+tan160°tan110°_1+(_}\)(_T) 1+1 24
RHS

~LHS = RHS
8. Prove that
(sin 8 + cos 8)2+(cos 6 + sec 8)?-(tan?B+cot>0)=7
Sol: LHS
=(sin 0 + cosec 0)“+(cos B + sec 0)“-(tan“B+cot
(sin@ 0)%+(cos 0)?-(tan+cot?6)
=(sin?@+cosec? +2sin . cosec )+
(cos?8+sec?8 +2cos 8. sec 8) -(tan?B+cot?8)
=(sin?0+cos%6)+(cosec?6 -cot?0 ) +
( sec? -tan26)+2sin 8.—— +2cos . ——
sin @ cos6
=1+1+1+2+2=7=RHS
~LHS = RHS
(1+sin@—cos0)? _1-cos®
9. Prove that (1+sin 6+cos0)2  1+cos0
. _(1+sin 6—cos 6)?
Sol: LHS_(1+sin 8+cos 6)2
_1+sin?0+cos20+2 sin 6—2cos 0—25in O cos 6

" 1+sin2@+c0s26+2 sin 6+2c0s 0+2 sin 6 cos 6
_1+1+2sin0-2cos0-2sin 6 cosO

"1+1+2sin 8+2cos0+2 sin 6 cos O
_2(1+sin 6—cos 8—sin 6 cos 6)

_2(1+sin 6+cos 0+sin 6 cos 6)
_(1+sin8)(1—cosB) _1-cos®

_(1+sin 0)(1+cos 8) “1+cosH =RHS
~LHS = RHS
2sin@ 1-cos0+sin 6
10. |fm =x then prove that T itsino =X
Sol: x= 2sin@ _ 2sin@
"” 1+cos@+sin® 1+sinB+cosO
2sin@ 1+sin 8—cos 6

" 1+sinB+cos 0" 1+sinO—cos 6
Zsm 8(1+sinB—cosB) _ 2sinB(1+sinB-cosO)
(1+sin 8)2—cos2@  1+sin?@-+2sin 8—cos20

_2sinB8(1+sin8—cos 6)

T 2sin%0+2sin6

_25in98(1+sin®—cosB) 1+sinB-cos8 1—cosO+sinO _
T 2sin 6(1+sin 0) " 1+sin@ - 1+sin6 -

=RHS

~LHS = RHS
1 .
11.Show that cos*a+2cos?a(1—) = 1-sin*«
seceu

secza)

= cos*a+2cos?a(l-cos?a)

= cos*a+2cos?a sina

=cos?a [cos?a + 2sin®q]
=(1-sin?a)[cos?a + sin?a + sin®q]

Sol: LHS = cos*a+2cos?a(1
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=(1-sin?a)(1 + sin®a) =1-sin*a=RHS

~LHS = RHS

12. Prove that

2(sin®0 + cos®0) - 3(sin*0 + cos*8)+1=0

Sol: LHS=2(sin®8 + cos®8) — 3(sin*6 + cos*0)+1

=2[(sin%0)3+(cos20)3]-3[ (sin?0)2+(cos20)?] +1

=2[(sin%0 + c0s%0)3-3sin?6cos20(sin%0 +

c0s20)]-3[(sin?8 + cos?8)2-2sin%0cos?0]+1

=2[1-3sin%Bcos?0]-3[1-2sin%Bcos?0]+1

=2-65in%6cos?0 -3+6sin?0cos?B0]+1=0=RHS
~LHS = RHS

13. Prove that

(tan © + cot 8)? =sec?0 + cosec’0=sec’0 . cosec’0

Sol: LHS =(tan 8 + cot 0)?
=tan?0+cot?0+2tan 0. cot O
=sec?0-1+cosec?0-

1+2=sec?0 + cosec?0=RHS

~LHS = RHS

14. If tan?0=1- e’then show that

sec 0+tan30 cosec 0=(2 — ez)%

Sol: LHS = sec 6+tan36 cosec

1 1
=——+tan®6. tan B —
cos 9 sin 6

1 24 SinB 1
=——+tan“6.
cos tan”0 cos 0 sin®

=$[1+tan28]= secO[1 + tan20]
=1 + tan26 (1 + tan20)
=(1 + tanze)%:(l + 1- ez)%
=(2 — €?)Z=RHS

~LHS = RHS

15. Prove that
3(sin x — cos x)*+6(sin x + cos x)2+4(sin®x+cos°x)=13
Sol: Consider
(sin 8 — cos 0)?=sin?6 + cos?0 — 2sin 6 .cos O
=1-2sin 6. cos 6
(sin @ — cos 0)*=[(sin 8 — cos 8)?]?
=[1 — 2sin 6. cos 0]?
=1+4sin%0. cos20 - 4sinB.cos O
(sin © + cos 6)?=sin?6 + cos?6 + 2sinH.cos O
=1+2sin 6. cos 6
sin®0+cos®0 =(sin?0)3+(cos?0)3

=[(sin?6 + c0s%0)3-3sin?0. cos20(sin?8 + cos20)

=1-3sin?8. cos?0
~3(sin 0 — cos 8)*+6(sin 6 + cos 8)%+4(sin®B+cos°0)
= 3[1+4sin?0. cos?0 -
4 sin 0 .cos 0]+6[1+2sin 0. cos 8]+4[1-3s5in%0. cos?0]
= 3+12sin26. cos?0 -
12 sin 0. cos 6+6+12sin 0. cos 0+4-12sin%0. cos?0
=34+6+4=13 = RHS

~LHS = RHS

tan0+sec0—-1 1+sin0
16. Prove that =
tan6-sec0+1 cos 0

tan 8+secH—1 _ tan O+sec §—(sec>0—tan?p)
tan 6—secO+1 tan —secO+1

Sol: LHS

_ tanO+secB6—(secB+tanB)(sec0—-tan8)

tan 0—-sec6+1
(tan©+sec 0)[1—(sec6—tan 0)]

5 tanee—sece-l-el 0
t + 1- +t
(tanO+secB)[1-sec an 0] =tan 6 + sec O
wo IO RHE _susino
sin sin 6+ +sin
“cos® cos® cos®  cos® =RHS

~LHS = RHS
17. If 3sin 0+4cos 0=5 then find the value of
4sin 0-3cos 0.
Sol: Let 4sin 8-3cos 0 =x ....(1)
3sin B+4cos 6=5 ....(2)
Square eq(1) and eq(2) and add
x?+5%=(4sin® — 3 cos 8)?+(3 sin 8 + 4 cos 0)?
=16sin?0-24sin 0. cos 8+9cos%0 +9sin?0 -
24sin 6. cos B+16c0s2%0
=25sin?0+25c0s20=25(sin?6+cos%0)=25
x%+25=25
x2=0; x=0
~4sin 6-3cos 6=0
18. If 3sin A+5cos A =5 then show that
5sin A-3cos A =13
Sol: Let 5sin A-3cos A=x ....(1)
3sin A+5cos A=5 ....(2)
Square eq(1) and eq(2) and add
x2+52=(5sin A — 3 cos A)?+(3 sin A + 5 cos A)?
=25sin?A-30sin A. cos A+9cos?A +9sin?A -
30sin A. cos A+25c0s?A
=34sin?A+34cos?A=34(sin?0+cos?0)=24
x%+25=34
x%=9 ; x==13
~5sinA-3cos A =43
19. If acosB -b sinB= C then show that

asin® +b cos® = ++/a% + bZ — ¢
Sol: asinB + b cosB=x ....(1)
a cosB -b sinB=C ....(2)
Square eq(1) and eq(2) and add
x?+c?=(asin® + b cosB)?+(acosd — b sinB)?
=a®sin?0+2absin 6. cos B8+b%cos?0
+a%cos?0 -absin 0. cos 8+b?sin?0
=(a? + b?)sin?0+(a? + b?)cos?0=(a% +
b?)(sin?0+cos?0)= (a? + b?)
x%+c%=(a’ + b?)
x?=a? + b? —c?;x=+VaZ + b2 — 2
s asin®+bcosd =++va? + b2 —¢?
20. If cos 0+sin 0 =v2 cos 0, then prove that
cos 0-sin 0=1/2 sin 6.
Sol: cos 8+sin 6 =v/2 cos O
V2 cos 8-cos B=sin 0
(V2 —1)cos B=sin O
sin 6
cosB = i
sin® v2+1 sinB(v2+1) sinB8(v2+1 .
V2-1 gﬂz \/E—S\//—f+1): 2(:/1_ )=51n 9(\/7 +1)
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2 sin +sin 6
< cos B-sin 8=v/2sin 0

21.1f x = acos30 ; y = bsin30 then eliminate 0.

y = bsin30
sin B=)s

Sol: x = acos30 ;
x. 1
cos 9=(;)3
& cos%0+sin0 =1

Qe =

—1
a3 b3

22.Prove that
sin 780° sin 480°+cos 240° cos 300°= %

Sol: LHS=sin 780° sin 480°+cos 240° cos 300°
= $in(2x360° + 60°) sin(450° + 30°)+cos(180° + 60°) cos(360°-60°)
=sin 60°(-cos 30°)+( (-cos 60°) cos 60°
V3V3 11_3 1_2_1

22224—442

~ sin 780° sin 480°+cos 240° cos 300°= %

23. Find the value of
sin 330° cos 120°+cos 210° sin 300°
Sol: sin 330° cos 120°+cos 210°sin 300°

=sin(360° — 30°) cos(180° — 60°) + cos(180° +

30°)sin(360°—60°)

=-sin 30°(-cos 60°)+ cos 30°)(- sin 60°)
1 1 1 3 4

D (-3 + CRP=iia

Exercise problems

1(i). Find the value of sin 5?”

. 5m_ . my_ . W V3
Sol: sin ?—Sll’l(ZTE- 3 )= 511r133— >
1(ii). Find the value of secT7r

Sol: seclsTn =sec(4m + g) =sec§ =2

1(iii). Find the value of cos(— 77”)

Sol: cos(— 72—”) = cos(4m —§)= cos% =0

1(iv). Find the value of tan 855"

Sol: tan 855 =tan((900° — 45°)= - tan 45°= -1

1(v). Find the value of sec 2100°

Sol: sec 2100°=sec((2160° — 60°)= sec 60°= 2

1(vi). Find the value of cot(—315")

Sol: cot(—315")=cot(360° — 45°) = cot45°=1

2. Prove the following
cos(mt—0) cot(§+6) cos(—0)

tan(m+9) tan(%”+6) sin(2m—0)

cos(mt—0) cot(§+9) cos(—0)

=cos 0

Sol: LHS =

tan(m+6) tan(5-+8) sin(2m—6)
—cosO(—tan®B) (cosH
- tan 6(—(cot 6) )(—(sin 8)) =cos B=RHS
~LHS = RHS
3. Prove the following
sin(3m—6) cos(0—3) tan(5—0)
sec(3m+0) cosec(BTn+6) cot(e—g)

=cos* 8

sin(3m—6) cos(e—g) tan(sz—n—e)

sec(3m+0) cosec(lz—n+9) cot(e—g)
sin 0 sin Ocotl

Sol: LHS=

- —secfsecl (—tan B)_

cos 6
sin@sin® ——

_ sin B — 4 n_
== 1 sing, —COS 0=RHS
cos B cos6 cos 6

~LHS = RHS
4. Prove the following

TC 21 3m
cot—cot—cot—.... cot—=1
16 16 162 . . . .
TC T T
Sol: LHS=cot = cot 22 cot 2E cot 2= cot 2% cot & cot &
16 16 16 16 16 16 16

=(C0t% cot7—“ ) (cot 2—“ cot 6—H) (cot3—1T cots—ﬂ )cot 4—“

( b 2"))(cot cot(gﬂ 3“ )cot
*(cotlcot(— - —)(cot—cot(— - —))(cot— cot(— -z ))1
(cot—tan—)(cot—tan—)(cot ) 1.1.1= RHS
~LHS = RHS
5(i) Eliminate 8 from the following x=acos* 8;

y=bsin* 0
Sol: x=acos* 0; y=bsin* 8
cos 9=(§)%
. €0s20+sin%0 =1
Oy =1
(i)%+(X)% =1
VX \/_ -1

va x/—
5(ii) Eliminate 8 from the following

x=a(sec 8+tan 8); y=b(sec 8-tan 6)

Sol: Given x=a(sec 8+tan 8); y=b(sec 6-tan 8)

xy= a(sec f+tan 8)x b{sec O-tan 9)
=ab(sec?6-tan?8)=ab.1=ab

s(iii) Eliminate 6 from the following

x= (cot B+tan 0); y= (sec 8-cos 8)

Sol: Given x= (cot 6+tan 0); y= (sec 8-cos )

sin 9=(%)%

c059+sm9 1 cos 0
sin@ cosf’ Y cos @
_cos?6+sin%6 _ 1 _1-cos?6
" sinfcosf sinfcos@ ~ cos6

6. Ifsina=- % and a does not lie in the third

guadrant, then find the values of cot a and cos a.
Sol: We know that sin a is negative in third and
fourth quadrant. Since « is not in third quadrant
(Qs). We have a €Q,

v sina= L
) T3

cosa=\/1—sin2(x=\/1—(— )2 =J1—%:\/§:¥

COSQ

L - E--

cota

wn—llgw
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7. 1fsinf= %and 6 does not lie in the first

quadrant, then find the values of cos 6.

Sol: We know that sin @ is positive in first and
second quadrant. Since @ is not in first quadrant
(Q1). We have 8 €Q,

. 4
+ sin 9=—

cosB-Vl—stB—fl— )2—’ ;2 \/7

cos 6 in second quadrant is negative ,so cos f=13

COMPOUND ANGLES
1.Find the value of sin 75°, cos 75°, tan 75°
Sol: sin 75°=sin(45° + 30°)
=8in 45° cos 30°+cos 45°sin 30°
1V3, 11 _V3+1_1+/3
V22 V22 22 vz
cos 75°=cos(45° + 30°)
= cos 45° cos 30°- sin 45° sin 30°
143 11 +3-1
2z V22 2z
tan 75°=tan(45° + 30°)
_ tan45°+tan30° _ 1"“% _V3+1

T1-tan45°tan30° 1-1-- +3-1
V2

2. Prove that cos 100° cos 40°+sin 100° sin 40° ==
Sol: LHS=cos 100° cos 40°+sin 100° sin 40°
=cos(100° — 40°)=cos 60°= -
*+ cos A cos B+sin A sin B = cos(A-B)
3. Prove that tan 75°+cot 75°=4
Sol: LHS= tan 75°+cot 75°
= tan(45°+75°) +cot(45°+30°)
_ tan45°+tan30° cot45°cot30°-1
T1- tan45°tan30° " cot45°+cot 30°
1+ +1\/_ 1 \/_+1+\/§—1
Tz = V3+1  V3-1 V3+1
(\/’+1) (\/_—1)2 3+1+2v/3+3+1— 2\/_ 8
(V3-1)(V3+1) 3-1
~LHS = RHS

5

=4=RHS

4. Prove that cos 100° cos 40°+sin 100° sin 40° = -
Repeated Q.No.2
5. Show that cos 42°+cos 78°+cos 162°=0
Sol: LHS =cos 42°+cos 78°+cos 162°
=c0s(60°-18°) +cos(60°+18°)+cos(180°-18°)
=c0s 60°. cos 18°+sin 60°. sin 18°
+c0s 60°. cos 18°- sin 60°. sin 18°-cos 18°
=2co0s 60°. cos 18° - cos 18°
=2. % cos 18°-cos 18°=cos 18°-cos 18°=0 =RHS
~LHS = RHS
6. If sin(0+a) =cos(0+a) then find tan 6 in term
of tana
Sol: Given sin(8+a) =cos(6+a)
sin B.cos a +cos 0.sin a = cos 6.cos « -
sin 0.sin o

sin B(cos o +sin o) = cos 6(cos a - sin o)
sin® coso —sina
——=——————=tan b6

cos® cosa+sina

cosa sina

. tan @ = 232~ SIN® _cosa ” cosa _
cosa+sino oS  sina
cosa coga

7. Find the value of sin282 % - sinZZZ%

1-tana
1+tano

o

Sol: sin?82 3 - sin?22
* sin%A - sin?B =sin(A+B) sin(A-B)
=sin(82% +22%)sin(82% -221%)
2 2 2 2
=sin 105°sin 60°
=sin(60° + 45°) sin 60°= sin(60° + 45°) g

= E[sin 60°. cos 45°+cos 60°. sin 45°]
£[‘/__i li] V3 V3 _]_\/§(\/§+1)

- 2\/_2\/‘ 22\/_2\?_ N

8. Find the value of cos?112 % - sinZSZ%

Sol: cos?112 l - sin252% -+ cos?A - sin’B

=cos(A+B) cos(A B)

= cos(1123 +523 ) cos( 1125 - 525)
=cos 165° cos 60" =c0s(90° + 75°) cos 60°
= -sin 75° cos 60°= - sin(45° + 30°) 5

= -l[sin 45°. cos 30°+cos 45°. sin 30°]

1.1 V3 o101 143 - (\/3+1)
[\/_2 \/—2] 2%z 2\/"] 42

9. Fmd the value of

tan 20°+tan 40°+V3 tan 20° tan 40°

Sol: tan 40°=tan(60° — 20°)

_ tané0°-tan20° _ v3-tan20°

" 1+4tan60°tan20° 1++y/3 tan20°

» tan 20°+tan 40°+V/3 tan 20° tan 40°

=tan 20°+tan 40°(1+V/3 tan 20°)

o, V3—tan20° 6
=tan 20 +m(1+\/§tan 20 )

=tan 20°+V3 — tan 20° =V3
10. Find the value of tan 56°-tan 11°-tan 56°tan 11°
Sol: tan 56°=tan(45° + 11°)
tan45°+tan11° _1+tan11°®
1-tan45°tan11° 1- tan11°
~ tan56°tan 11°-tan56°tan 11°=
tan 56°(1-tan 11°) - tan 11°

= Ht,a—nni(l-tan 11°) -tan 11°
1- tan11
=1+ tan11°tan11°=1
. 1
11. If sin “‘ﬁ

then show that a+ ﬁ:%.

. 1
; sin =7 and aand f are acute,

. . . 1 1
Sol: Given « is acute and sin 0(=\/—_ = tan a=§

B is acute and sin B- = tan B—
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1.1

tano+tanfB _ 37
1-tanatanf 1-11
32

3 a+B-tan“11-£
12. If sm(A+B)
find the value of cos B.
Sol: sm(A+B

tan(a + B)= 6—3 =

tan A= —A A+B are acute then

== cos(A+B)

tan A— ;= sin A— =; cos A—

cosB cos(A+B A)

= cos(A+B). cos A+ sin(A+B). sin A
_ 7. 4 24 3 28+72 100_2

2575 25 5 125 125 5

13. If A+B = 45°, then prove that
(1+tan A)(1+tan B)=2

Sol: A+B = 45°,

tan(A+B) = tan 45°

tan(A+ B) =1

_ tanA+tanB _

~1-tanAtanB

=tanA+ tanB=1—tanAtanB

=tanA + tanB+tanAtanB=1
=1+tanA + tanB +tanAtanB=1+1
=(1+tan A)(1+tan B)=2

~(1l+tan A)(1+tan B)=2

14. If A+B = 225°, then prove that
Sol: A+B = 225° =(180°+45°)

cot(A+B) = cot( 180°+45°) = cot 45°=1
- COtA cotB-1 _

cOtA+ cotB
=cotA cotB — 1=cotA+ cotB

=cotA cotB=1+cotA + cotB

=2cot A cotB=1+cot A + cotB+cotA cotB

=(1 + cot A)(1 + cotB) =2cotA cotB

15.1f A-B="", then show that (1 — tant A)(1 + tan B) =2

cotA+ cotB _
(1+cotA)(1+cotB)

Sol: A- B— T-135°
tanA-tanB
tan(A - B)_ 1XtanA%anB
tanA- tan
tan 135%°= ——
1+tanAtanB
_ tanA-tanB
" 1+tanAtanB

-1 —tanAtan B=tan A — tanB
—tanA + tan B —tan Atan B=1
1-tanA + tanB —tan Atan B =1+1=2
(1 —tantA)(1 +tanB)=2
~ (1 —tantA)(1 +tanB)=2
16. If A+B+C = %, then prove that
cot A+cot B+cot C=cot A cotB cotC
Sol: A+B+C :g

A+B=Z-C
cot(A + B) cot(— - C)=tanC =—— p—
cotA cotB-1_ 1
cotA+ cotB ~ cotC

C

cotA cotBcotC—cotC=cotA+ cotB
cotA cotBcotC=cotA + cotB+cotC

~ cot A+cot B+cot C=cot A cot Bcot C
17.If A+B+C= g, then prove that

tan A tan B+tan B tan C+tan Ctan A=1
Sol: A+B+C =2

A+B=2-C

tan(A + B)= tan(— - C)=cotC=
tanA+tanB _ 1

1-tanAtanB tanC
tanA.tanC+ tanB.tanC=1 —tanAtanB

~ tan A tan B+tan B tan C+tan C tan A=1
18. If A+B+C = 180°, then prove that
tan A+tan B+tan C=tan Atan B tan C
Sol: A+B+C =180°

A+B =180°—
tan(A + B)=tan(180° -
tan A+ tanB

=-tanC

1-tanAtanB
tanA + tanB=-tanC +tanAtanBtanC

tanA + tanB +tanC = tanAtanBtanC

~tanA+ tanB+tanC = tanAtanBtanC

19. If A+B+C = 180°, then prove that

cot A cot B+cot B cot C+cot C cot A=1

Sol: A+B+C =180°
A+B=180°—

cot(A + B)=cot(180° -

cotB cotA-1

———— =-cotC

cotB+ cotA
cotB cotA — 1=-cotBcotC + cotC cotA

~ cot A cot B+cot B cot C+cot C cot A=1
20. Find the expansion of (i) Sin (A+ B -C) (ii) cos(A- B -C) .

tanC

C)=-tan C

C)=-cotC

Answer Is In Page No. 70

21.If sin(A + B)=% and cos(A — B)=§ where
0<A<B< g, then find tan 2A.
Sol: sin(A + B)=— = tan(A + B)=>

cos(A — B):g = tan(A — B)=—T3 since A<B =
A—B <0
tan(2A) = tan[(A + B) + (A — B)]
tan(A+B)+ tan(A-B) _ % +_73 _24x4-3x7

tan 24 T1- tan(A+B)tan(A—B) 1- 24( 3) 28+72
_96-21 75 3

100 100 T4
~ tan 2A=—
4

Exercise problems

1(i) Find the value of COSZSZ% : sin222%
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- cos?A - sin?B
=cos(A+B) cos(A-B)

Sol: cos252 % - sin?22+
2 2

cos?521 _sin2221
& o 02 o )

= cos(52= +222 ) cos(52= -223)

2 2 2 2

=cos 75° cos 30°= cos(45° + 30")\/75
=E [sin 45°. cos 30°+cos 45°. sin 30°]

£@£JA]WW ] @ﬂ
V2T 2 V22 2v2 -
1(ii) Find the value of cosZZZE . c052825

Sol: 005222% - 003282% "+ cos?A - cos?B
=-sin(A+B) sin(A-B)
05222+ - cos?821
2 . 02 i .
=- sin(22l +821 )sin(gzl .29l )
2 2 2 2
= - 5in 105° sin 60°= - sin(60° + 45°) L

=- ‘/—§ [sin 60°. cos 45°+cos 60°. sin 45°]

(f = 2= fﬁ_i]__ @+/3)
A 22 242 42

1(III) Find the value of tan(E +0). tan(z -9)
Sol: tan(—+ 6). tan(—_g) {1+tan6 1- tane} .

1-tan 6}{1+tan 7
cot55°cot35°—1

1(iv) Find the value of
cot55° +cot35°
. cot55°cot35°-1

: ————————— = cot(55° + 35°) =cot90°=0
cot55°+cot35
1{v) Find the value of
sin1140° cos390°- cos780° sin750°
Sol: Given sin1140° cos390°- cos780° sin750°
= 5in(3.360°+60°) cos(360°+30°)- cos(2.360°+60°) sin(2.360°+30°)
=5in60°.c0s30°- c0s60°.sin30°=sin(60° - 30°)
=sin30°==
2(i) Prove that cos35°+ cos85°+ cos155°=0
Sol: Given LHS=cos35°+ cos85°+ cos155°
= cos(60° - 25°)+cos(60°+ 25°)}+cos(180° - 25°)
=2 c0s60° cos25°- cos25°
= 2% cos25° cos25°=0= RHS
~LHS=RHS
2(ii) Prove that sin750°cos480°+ cos120° cos60°= -
Sol: LHS= sin750°c0s480°+ cos120° cos60°
=5in(2.360°+30°).cos(360°+120°)+ cos(90°+30°) cos60°
=5in30° cos120°- sin30° cos60°
=5in30° cos(90°+30°) - sin30° cos60°
=sin30° (- sin30°) - sin30° cos60°=
TN i_ RHS
22 22 4 4
~LHS=RHS
2(iii) Prove that cos 6+cos(43—“ + 6)+cos(%Tr —0)=0
Sol: LHS = cos e+cos(%TI + 9)+cos(4?1t —9)

= cos B+cos[m + (g + 0)]+cos[m + (g -0)

Nk

= cos G-COS(E + G)-cos(g —0)

=cos 0 — 2 Cosg cos B=cos G—ZECOS 0=0=RHS
~LHS=RHS

2(iv) Prove that cos?8 +cos (— + )+ cos (— - B)—

Sol: LHS=cos?8 +cosz(? + 0)+ cosz(? -0)

1+cos 20 1+cos(26 +4?“) 1+cos(28 —%T[)
= + +
2 2 2
= [3+cos 260+cos(20 + —)+cos(26 - —)

[3+COS 20+2cos 20. cos —] ' cos(A+B)+cos(A-B)=2cosA.cosB

3+cos 20+2cos 26. cos(m +Z 3

NlHNlHNIHNlHN |-

[

[3+cos 20+2cos 20.— cos E]

[3+cos 26-2cos 20.%]: %[3+cos 20-cos 20] = % = RHS
~LHS=RHS

2(v) Prove that sin®6 +sin®(8 + §)+ sin?(8 — ;—‘)= =

Sol: LHS=sin?6 +sin?(8 + )+ sin®(6 —3)

1-cos20 1-cos(26 + Z,T“) . 1-cos(260 - 29

2 2 2
[3 - cos 20 - [cos (20 + =) + cos(20 — )]

[3 - cos 26— [2cos 26. cos 2?“] “ cos(A+B)+c0S(A-B)=2c0sA.cOSB

=3 = [3- cos 26-2cos 28. cos(m —g)

= % [3- cos 26+2¢cos 26.— cos g]

= % [3- cos 260+2cos 29.%]: %[3— cos 26+cos 28] :g =RHS
~LHS=RHS

3. If sin azg and cos ,8:2 and neither a nor £ lie in the

HNl»—\Nl»—l "

first quadrant, then find the quadrant in which a+f lies.
Sol: From hypothesis, sin a is positive.= « lies in Qior
Q. Buta €Q; -~ @ €Q

Also, cos S is positive.= £ lies in Qior Q. But § € Q,
~BEQ

Hence, 2nrt+§ < a < 2nm+m and 2m7r+377I <p<

(2m+2)r for some integers m,n
= 2k < a+ [ < 2km+ w where k=m+n+1
. a+ [ lies either in first or in second quadrant.

4. 1f cos a:? and sin ﬂ:%, where% < a < mwand
0<pB< g then find the values of tan(a+8) and
sin(a+f).

Sol: Given cos oc— < a< ma€Q, and

sinﬁ——zs, o <B<Z peq
in a==; ﬁ——“"
sina=; cos f=—:;

sina
tan o=

7
-4 sinf o= 7
=—; tan f=——=%5=—:
3’ B cosf % 24

1l
|
m|wm\->

cosa

sin{a+f)=sin a cos f+cos asin
_4 Z4+—3 7 96-21 75

S s =]
75725 5°25 25 25
tan a+tan 8 Tf,7 D827 15 45
an a+tan 7z
tan(a+ 3 24 2_4' =24 _ 72 __~
( ﬁ) 1-tanatan g 1——41 128 71007100 Tag
3 24 72 72 72
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€0s 9°+sin 9°
5. Prove that —————— =cot 36°
€0s 9°—sin9
€0s9°+sin9°
Sol: LHS=——————; dividing numerator and
€0s 9°—sin 9
denominator by sin 9°
€0S9° +sin 9° S o o
=_Sin92 Sino° o cot9® +1 —_cot9 + cot45 =cot(45°-9°)
Cos9” SS9 ¢ot9° —1 cot45°cot9® —1
sin9°®  sin9°

= cot 36°=RHS

~LHS=RHS

MULTIPLE SUB MULTIPLE ANGLES

1-cos0+sin6 0
1.Prove that ———— =tan-
1+cos0+sin@ 2

. o0 .6 7}
1—cos O+sin O _251n2;+2 sinzcos

1+cos 8+sin 6 2c032§+2 singcosg

Sol: LHS=

. . .6
Zsmg(smg-bcosg) sin— 2]
5 ] s =tan—=RHS
2cos=(sinZ+cos=) cos— 2
2 2 ) 2 2
. 1-cos9+sin 0 -t 0

h 1+cos GIBsin 9 2
sin
2. Prove that —— =8c0s30-4cos 0
sin40 sin2.20 2sin20cos26
Sol: LHS=——=— = -
g smee Sén 0 sin 6
2.2sin0@cosBcos2
=——— = 4cos 6 cos 20
sin 6

=4 cos 0 (cos?0 - sin?0)

=4 cos 0 [cos?0 - (1 — cos?0)]

=4 cos 0 (2c0s20 - 1)= 8cos>0-4cos B=RHS
LHS=RHS

3. Prove that cos®A+sin®A = 1- %sin2 2A

Sol: LHS=cos®A+sin®A =(cos?A)3+(sin%A)3

=(cos?A + sin?A)3-3cos?Asin?A(cos?A + sin?A)

=1- 3cos?Asin?A =1- Z(4coszAsin2A)

=1- % (2sinAcosA)? =1- %sin2 2A =RHS

~LHS = RHS
sin 30 . .
4. Prove that —————= sin 0 and hence find the
1+2cos20
value of sin 15°
sin 30 3sin 8—4sin36
Sol: LHS T1+42c0520  1+2(1-2sin36)
_sin 6(3—4.sin29) _sin 9(3—%sin29) =sin 6=RHS
1+2—4sin36 3—4sin30
Let © =15°
1
. o_ Sin3(15%) _ sin45°
sin15°%= o cos 2(15°)  1+2c0530°  1,,Y3
2
_ 1 1 1 (J6—V2)

V2(1+v3) ~ (V2+V6) T (V6+V2) (V6—V2)
_(6—V2) _ (J6-V2)
6-2 4
5. Find the value of sin?42° - sin®12°.
Sol: sin242° - sin?12° =sin(42° + 12°) sin(42° — 12°)
=sin 54° sin 30°
_V5+1 1 _+5+1
T4 27 s

V5+1

= sin?42° - sin?12°= -

6.If tané =2 and tanE = Q. Then show that tanE =2
26 2 37 2 5
Sol: A+B+C=180°

A+B = 180°-C
AtB_180°-C_ g0
2 2

tan(#):tan(%0 - g)
A B C
-tan(; + E)—cot 2

A B
tan;+ tan—

185+120

222 _
=Z73-100 = COt 3

222
305 _ 1
122 tan &

2

- ‘ta C_122 2X61 2
v 2 305 5X61 5

sin 20
7. Prove that Ttcos20- tan 0
Sol

sin20 _2sinBcosO _sin6

"1+cos20  2cos?0
1-cos2

8. Prove that 20 =tan 0. Simplify

=tan 0 =RHS
3 cos 0+cos 30
3sin0-sin30’

cos 9

1-cos26 25in%0 sin 6
Sol: — - =tan 0
sin 26 2sinBcos® cosO

30s0+c0s30_ 3 cos 6+4cos30—-3cosB _4cos30 _
3sin0-sin30 3sin0-3sin0+4sin30  4sin30
cos 3A+sin 3A .
9. Prove that ————— = 1+sin 2A
cos A—sinA

cos 3A+sin 3A

Sol: LHS = —————
cosA-sinA

_(4cos®A—3 cos A) +(3sin A—4sin3A)

cosA-sinA
4(cos®A -sin®A)—3 (cos A—sin A)

cosA-sinA
_(cos A—sin A)[4(cos?A+sin?A+cos Asin A)—3]

cosA—-sin A
=4(cos?A + sin?A + cos AsinA) — 3
=4+4cos A sin A-3=1+sin 2A=RHS
~LHS=RHS

10. I % =% then prove that asin 2a+bcos 2a = b

sina cobs o

Sol: PR

bsina =acosa

LHS= asin 2a+bcos 2a
= a.2sin a cos a+b(1-2sin’a)
= 2sin a (acos a)+b-2bsin?«
= 2sin a (b sin a )+b-2bsin?«
= 2bsin?a +b-2bsin?a =b=RHS

cot30

~LHS=RHS
1 3
11. Prove that T 4
1 V3

Sol: LHS =

sin10° cos10°
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L o_ V3 Gin 100
_ €0510°—y/3 sin10° 2(;€0s10°~ - sin10°)
sin 10° cos 10° sin10° cos 10°
_ 2(sin30° cos 10°— cos30°sin 10°)
sin 10° cos 10°
_ 2sin(30°-10°)  2sin20°

sin 10° cos 10° " sin10° cos 10°
2.2sin 10° cos 10°
== ————— =4 =RHS
sin 10° cos 10°

~LHS=RHS

sin2A 1-cosA A
12. Prove that —————  =tan -
ovet _atlA—COSZA /(\:OSA ta 2
sin2 1-cos
Sol: LHS = ———
1-cos2A cosA

_2sinAcosA 1-cosA

~ 2sin2A CosA
R 2A

_ 1-cosA _ 2sIn"

i A
sinA 5 sin cos7

~LHS= RHS
cos30—cos30 _sin®0+sin30

13. Prove that + - =3
cos 0 sin 0

cos®0—cos36 sin®6+sin30
Sol: LHS= } -
cos B sin 0

_ cos®8—(4cos®0-3 cos 8)  sin®8+(3sin 6—4sin®0)

cosB sin @
_3cos 9—3(:0539 ,3sin§—3sin®6

sin 6
=3(1-cos?0)+ 3(1 stG) =3+3-3(cos?0+sin?0)
= 3+3-3=3=RHS
~LHS=RHS
14. Prove that sin A sin( 60°+A) sin( 60°-A) = ; sin 3A
Sol: LHS=sin A sin( 60°+A) sin( 60°-A
= sin A (sin 60° cos A + cos 60°sin A) (sin 60° cos A — cos 60°sin A)

= tan—= RHS

=sinA (\/Z—gcosA + %sinA) (?cosA - %sinA)

=sin A[(?)ZCOSZA - (%)zsinzA]

=sin A[% cos?A— % sin?A] = % sin A[3cos?A —

sin?A]

=3 sinA[3(1 — sin?A) - sin?A]

= i sin A[3 — 3sin2A — sin2A]= i sin A[3 — 4sin2A]

= % [3sin A — 4sin3A]= % sin 3A = RHS
~LHS=RHS

15. Prove that cos A cos( 60°+A) cos( 60°-A) =

cos 3A
Sol: LHS=cos A cos( 60°+A) cos( 60°-A)
= cos A (cos 60° cos A — sin 60° sin A) (cos 60° cos A + sin 60° sin A)

= cosA(%cosA —gsinA) (%cosA +\/7§sinA)

[y

= cos A[(l)zcoszA— (ﬁ)zsinzA]
=cos A[— cos?A - —stA] = sm Alcos?A -3 sinA]
= Z cos A[cos?A — 3(1 — cosZA)]
= % cos A[cos?A — 3 + 3cos?A]
= % cos A[4cos?A — 3]
= % [4cos®A — 3 cos Al= % cos 3A = RHS
~LHS=RHS

16. Prove that tan A tan( 60°+A) tan( 60°-A) = tan 3A
Sol: LHS=tan A tan( 60°+A) tan( 60°-A)
—tanA tan 60°+ tan A tan 60°—tanA

1—-tan 60°tan A 1+tan 60°tan A
V3+tanA V3-tanA

1—V/3tanA 1+V3tanA

=tanA

_ “3)?—(tanA)? 3—tan?A
=tan A (12— (\/— tan A)?2 =tanA 1-3tanZ2A
_ 3tan A—tan3A = tan 3A =RHS
1-3tanZA
~LHS=RHS

17. Prove that

T 3n 7m It 1
(1+cos 1—0) (1+cos E) (1+cos E) (1+cos 1—0) =
Sol: LHS =

(1+cos l) (1+cos 3—ﬂ) (1+cos 7—“) (1+cos 9—“)
3X 80) 7x180

= (1+cos —) (1+cos (1+cos =——) (1+cos 9x180)

= (1+cos 18°) (1+cos 54°) (1+cos 126°) (1+cos 162°)
= (1+cos 18°) (1+cos 54°) (1-cos 54°) (1-cos 18°)
= (1 c05218°)(1 c0s?54°) =sin?18°sin? 54°

= (2 e haAyes (G2 =L < rs
LHS RHS

18. Prove that cos? + cos2Z+ cos?Z + cos? = =2

I: LH 4 i 3y —
So S = cos? 0 cos? : cos? = cos? 15
10m-m

)

=cos R+cos(10)+cos( )+cos(

= c052£+ cosz(f—i) +cosz(— —) + cosz(n —%)

= c0s? = + sin? = + cos? =+ sin? =
1o 0 10 10
= 2(sin? — Z + cos —) =2(1) =2=RHS
10 10
~LHS=RHS (model)
21 4 6m 1
19. Prove that COS—-COS—-COS—- =1
sn
Sol: LHS=COS — cos Tos=
411 6T
=—= (2sin Z cos —) C0S— COS —
2sin—- 7 7
1 6T
=— sin2Z cos—cos—
2 sin
61
= W (ZSm Zcos —)cos —
4sm 7
L_sinZZ —-cos il
4si 2—" 7

e T
=m sin(m + ;) cos(m — ;)
7

=— _sinZcosZ =— (ZSinncosn)
inz—n 7 7 85'm271T 7 7

8sin—
'LHS—RHS
1
20. Prove that cos—cos—cos—cos—cosﬁ T
3n 5T
Sol: C= cos—cos—cos—cos—cos—
11 11 11 11 ; 11
TC

31
S= sm—sm—sm—sm—sm—

Uin Y
CS=(cos T c0sZcos 3 cos 2 cos —)X
11 11 11 11 11
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LT .o 2W . 3m . 4w . 5T
( sin— sin —sin —sin — sin —)
11 11 11 11 11
CS=
. L2 2 .3 B
(sm1 cos l)(sm—ﬂcos —") (Slnl—YCOS 1—711) (sm—cos ) (sm—cos —)

Cs—f(ZSm 1 CoS T )(251n cos )(Zsm cos )(Zsm cos )(ZSm cos ]

CS= —sm—sm—sm6—sm8—nsin10—1Tt
CS= [sm—sm—sm( L ) sin(m;%) sin(u:l_n)
CS= [sm—sm—sm(n - —) sin(m — —) sin(m — —)
CS=— [sm — sm — sm 5— sin 3— sin —]
CS=— [sm—sm 2—sm3—51n4—Tt sin —] —S
:C— —RHS

~LHS=RHS

&&&

Exercise problems
1(i).Prove the cos 10° cos 30° cos 50° cos 70":13—6
Sol: LHS= cos 10° cos 30° cos 50° cos 70°
= c0s 10° cos 30° cos(60°-10°) cos(60°+10°)
= cos 10° cos 30° [cos260° — sin?10°]

= cos 10° 2 (12 — sin’10°]
= c0s 10° 2 [ — sin10°)=2 cos 10° [1 — 4sin”10°]
= Jg—gcos 10° [1—4(1 - c05210°]
= gcos 10° [1 —4 + 4(:05210"]
=S cos10° [4cos 10° 3= 2 [4c0s%10° -3cos 10°]
?cos?) 10°= cos 30°=— V3 f-s =RHS
~LHS=RHS

1(ii).Prove the cos 24° cos 48° cos 96° cos 192°:1i

Sol: LHS=cos 24° cos 48° cos 96° cos 192°
Divide and multiply with 2sin 24°

2 sin 24° cos 24° cos 48° cos 96° cos 192°

2 in24°

sin 48° cos 48° cos 96° cos 192°

Zsm 24°

25in 48° cos 48° cos 96° cos 192°
sin96° cos 96° cos 192°

2sin 96° cos 96° cos 192°
sin192° cos 192°
=m2 sin192° cos 192° =

222258
sin(360°+24°)=——sin 24°
16sin24
~LHS=RHS

1(iii).Prove the tan 6° tan 42° tan 66° tan 78°=1
Sol: LHS= tan 6° tan 42° tan 66° tan 78°
=tan 6° tan 66° tan 42° tan 78°

(25in6°sin66°)(25in42°sin78°%)
- (2¢056°c0566")(2c0542°c0578")
_ (c0s60°—c0s72")(c0536°—c05120°)

(cos60°+c0s72%)(c0s36°+c05120°)

2 2 sin 24°
_2.2 sin 24°
T22.2sin24°

“2.2.2sin24°

sm 384°
i = RHS

" 165sin24°

(%—sinlS“) (cos36°+%)

= —3— 'cos 72° = cos (90° - 18°) = sin 18°
(E+sm18 )(cos36 _E)

~'cos 120°=cos ( 180°- 60°) = - cos 60" =-1/2

(3—\/5 1)(J5 2 l) _ (3-V5)(3+V5) _9-5_4
= 1=RHS

T AL VS L5 1T (Vs+1)(V5-1) 5-1 4
G+ =
~LHS=RHS

1(iv).Prove the sin 20° sin 40° sin 60° sin 80°==
Sol: LHS=sin 20° sin 40° sin 60° sin 80°
=sin 20° sin 60° sin 40° sin 80°
=sin 20° sin 60° sin(60°-20°) sin(60°+20°)
=sin 20° sin 60°[sin 60° cos 20°-cos 60° sin 20°] x
[sin 60° cos 20°+cos 60° sin 20°]

=sin 20° ‘/_[‘/_ c0s 20°-% sm 20°] x [— cos 20°+— sin 20°]
=sin 20°((Z cos 200)2 Gsin20%?)

= Bgin20° c05220° -Lsin%20°]

2 4 4

=B gin 20°[3¢0s220° - sin?20°]

Ho

= L5in 20°[3(1 — sin®20°) - sin?20°]
=% 5in 20°[3 — 3sin?20° - 5in%20°]

sin 20°[3 — 4sin? 20°]=

sin 3.20° —£sm60 v— 2 =—6=RHS

S
2(i) Prove the sin29+sm (60° — B)+sin?(60° + 9)=§
Sol: LHS= sin?@+sin?(60° — 8)+sin?(60° + 0)
=sin%0+[sin 60° cos 6 — cos 60° sin B} x
[sin 60° cos 6 + cos 60° sin B}?
= sin%0+2{sin%60°. cos20 + cos260°. sin%0}
= 5in?0+2{(2)?cos?0 + (3)% sin6}

= sin20+2{%c0526 + %.sinze}

aoo

4sin320°]

=%

[3 sin 20° —

mlmmm
Iﬂ

= sin26+§cosze + %.sinze = sin?0 + % sin?0 +§cosze

= %sinze +§ c0s%0 = % [sin%@ +cos?0] :% =RHS
~LHS=RHS

2(ii) Prove the cos?0+cos?(120° + 8)+cos?(120° —

Sol: LHS =cos20+cos?(120° + 6)+cos?(120° — )

= c0520+c0s2[90° + (30° + B8)]+cos?[90° + (30° — 8)]

= c0s?0 - sin?[(30° + 0)] - sin?[(30° — 0)]

= ¢0s20 - [sin 30° cos O — cos 30°sin 6}2 x

[sin 30° cos B + cos 30° sin B}?

= cos20 - 2{sin?30°. cos20 + cos?30°. sin?0}

= c0s20 -2{(H)%cos?0 + ()2 sin?0}

cos?0 —2{& c0s?0 + %.sin2 0}

3
6)=>

T 3
= cos%0 +5c0326 +5.sm26

cos?0 +§
3 .90 3 o0 3. o 2013 _
=3sin 9+Ecos 6=E[sm 0 +cos“0] =E—RHS
~LHS=RHS
2(iii).Prove the(1 + cos )(1 + cos— )1+ cos— (1 + coq—)——

3
.cos’0 = sin%0

3T, 31
) =cos(m — ?)— - COS—

Sol: Let cos ? :cos(
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cos 2= -cos(— =cos(m ——)— - cos =
LHS— (1 + cos 8)(1 + cos? J(1 + cos ?)(1 + cos %n)

=1+ cosE)(l + cos 3—“)(1 — COS 3—“)(1 — COoS g)

3
= (1 — cos? —(1—cos —)—sm sn2 o
=sin? = cos? = -sm—:sm(— sm(——— cos—
1 8 1 8 T 18 T 8 2_ 2
_1 s 2T 2m _1 LT T2 1 2m
-‘;(4sm 8fos1 8) 14(231n8c058) 4(smg)
1l 1,12 1
= sin® 2 4(ﬁ) 5 RHS

~LHS=RHS

. . - 43 . 45 L 47m 3
2(iv).Prove that sin® % +sin* =% + sin* =% + sin* =t =~
. 3T i 4T—-TC . T 1
Sol: Let sin— -sm(—) = sm(— — —)= cosg
TI
—sn(—+ ) cosg
T
sm—-sm(— —sm(n—— sm—

sm—

LHS=sin* —+sm —+sm —+sm —
8 8 8

= sin* +cos + cos* g + sin”’%r
« a*+b?=(a + b)?-2ab

=2[(sin? g + cos? E)Z-ZSin2 Z cos? E]

— —+ —
2[sm 5 tcos 8}

=2[1-25in2§cos b=2- 4sm —cos g
_ ia 22 5 _2___2___=
=2-(sin 8) =2-(sin)*=2 (\/E) =2
~LHS=RHS

2 3 4 1
2(v).Prove that cos = cos — c0s — cos — = —
9 9 9 9 16

2= RHS

T 2T 3T 41T
Sol: Let C=cos— coS— €c0S — C0S —
9 2 9 3 9 " 9
T . m™ . ™ . TC
And S=sin- sin— sin—sin—
ks 2 4 3 ° 4 4 2 3 4
k1 TC s L LT, ™ ., ™ . T,
=CS=(cos = cos— cos— cos —)( sin—sin = sin=sin—)
9 9 9 9 9 9 9 4 9
114

LT T . 21 21 . 31 3T . 4T
=(sin 5¢0s 5) (sin - ¢os —) (sm —cos —) (sm — oS ?)

1 s T
:—(2 sin—cos —) (ZSin ) (ZSln—cos ) (251n—cos —)

1 21
——(sm—sm—sm—sm )
16
z
-—(sm—sm—sm( - 3“) si n(9TI 8“
16
z
=— ( s1n— sm— sin(m — —) sin(m — —)
1

== sm— sin == gin 3% sm—)
16 9 9 9 9
1 .M 2m . 3m . 4T
=—(sin-sin—sin—sin—)
16 9 9 9 9

1 1 L 2 3 4 1
2CS=—S =C=—= = 0S = COS — COS — COS — = —
16 16 979 9 9

16

cos3A

3. Prove that ————=cos A
2cos2A-1 5 .
cos3A 4c0s®A-3c0SA 4cos’A—-3CosA
Sol: LHS= = =
2cos2A-1 2(2cos3A-1)-1 (4cos3A-2)-1
_ cos A(4c0s?A-3)
—————— =cosARHS
(4cos3A-3)
~LHS=RHS

6. TRANSFORMATIONS
1. Prove that sin 34°+cos 64°-cos4°=0
Sol: LHS = sin 34°+cos 64°-cos 4°

=sin 34° -2sin( £ sin(6402_40)
** cos A - cos B=-2sin( T) sin( AZ;B)

= sin 34°-2sin 34° sin 30°

=sin 34°-2sin 34".% = sin 34°-sin 34°
=0 =RHS
~LHS=RHS
2. Prove that cos 55°+co0s 65°+cos 175°=0

Sol: LHS=cos 55°+cos 65°+cos 175°
=cos 55° +2 cos( A )

175°-65°
s( )

v cos A+cos B=2 cos(g) cos(%)

=c0s 55°+2 cos 120° cos 55°

=05 55%+2 cos 55° cos(90° + 30°)
= c0s 55°+2 cos 55°. — sin 30°=cos 55°+2cos 55°.(- %)
= c0s 55°-cos 55° =0 = RHS

~LHS=RHS

3. Prove that cos 35°+c0s 85°+cos 155°=0
Sol: LHS=cos 35°+cos 85°+cos 155°

=cos 35° +2 co 5(85 +1550) cos(
v cos A+cos B=2 cos(T) co (%)

=c0s 35°+2 cos 120° cos 35°

= c0s 35°+2 cos 35° cos(90° + 30°)
= cos 35°+2 cos 35°. — sin 30°=cos 35°+2cos 35°.(- %)

=c0s 35°-cos 35°=0 = RHS

~LHS=RHS
sin 70°~cos 40° 1

4, Prove that s SO -

sin 70°—cos 40°
Sol: LHS = - =
cos 50°—sin 20°
sin 70°-cos(90°-50°)
€0s(90°=50°) — sin 20°
sin 70°—sin 50°
~ sin 40°— sin 20° . s
v sinA - sinB=2 cos(%) sin(—-)
70°+50° ) sin(70 ;50 )
40° +20 ) sin(w ;20 )
_ 2 cos 60° sin 10°
2 cos 30° sin 10°

155°-85°

)

2co(

2 cos(
2 cos(T) sin

(T)

o . 2 o
2 cos(%) sm(TO)

1
_ cos 60° —i—i‘RHS
T cos 30° V3 43
2
~LHS=RHS

5. Prove that 4( sin 24° + cos 6°) =115 +/13
Sol: LHS = 4{ sin 24° + cos 6°)

=4[ sin (90° — 66°) + cos 6°]

=4[ cos 66° + cos 6°]

_4[2 COS( 66°+6° 66°—6

) cos(5)]
" COS A+cos B=2 cos(AzLB) cos(%}

=4.2 cos(%zc) cos(%oo)]

=4.2 cos 36° cos 30°
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-42(‘F+1‘F (V5 +1)V3

=15+ \/— =RHS
~LHS=RHS

6. Prove that cos276°+c0s216° - cos 76° cos 16°=%
Sol: LHS= cos?76°+c0s?16° - cos 76°cos 16°

= cos276°+(1 — sin?16°) - 5
(2 cos 76°cos 16°)
=1+ (cos?76°—sin?16°) - § (cos (76° + 16°) +cos (76° — 16°)
=1+ (cos?76°—sin?16°) -% [cos 92° + cos 60°]
=1+ cos 92°. l - l[cos 92° +l
—1+— cos 92° - = COS 92° — Z == -RHS

LHS RHS

7. Prove that sin 10°+sin 20°+sin 40°+sin 50°
=sin 70°+sin 80°
Sol: LHS =sin 10°+sin 20°+sin 40°+sin 50°
_ 2$in(10 +20°. ) OS( )+ Zsm( 0°+50°. ) COS( 50°—40°.

—2 sin 15°cos 5°+2 sm 45° cos 5°
=2cos 5°[sin 15°+ sin 45°]
=2cos 5° [2sin( = 45) cos(
=2cos 5°[2sin 30°. cos 15°]
=2cos 5° [2.%. cos 15°)=2cos 15°cos 5°
=cos (15° + 5°) + cos (15° — 5°)
=cos 20°cos 10°
=cos (90° — 70°) +cos (90°-80°)
=sin 70°+sin 80° =RHS
~LHS=RHS
8. Prove that sin 50°- sin 70° + sin 10°=0
Sol: LHS =sin 50°- sin 70° + sin 10°
=[2cos(50 +700) sin( 50 )]+ sin 10°
=2 cos 60° (—sin 10° )+sm 10°
=2.2 (—sin 10°) +sin 10° =0=RHS
~LHS=RHS

—)

45°—15°

)]

9. Prove that cos 48°cos 12° =¥

Sol: LHS = cos 48° cos 12°=%(2cos 48°cos 12°)
=2 (cos (48° + 12°) +cos (48° — 12°)

=%[ cos 60° 4+ cos 36°]

\/_+1] _3[ 2+\/_+1]

LHS RHS

3+/5
8

=RHS

1.1
=3lzt

V5-1

10. Prove that sin 78° + cos 132° = 2

Sol: LHS = sin 78° 4+ cos 132°
=sin 78° + cos (90°+42°)
=sin 78° —sin 42°
~[2cos( 78° +42) sin( 78 ;42 )]

=[2cos 60° sin 18°]
=2. l@ = Q = RHS
4 4
~LHS=RHS
11. Prove that cosZ0 +cosz(2?n +0) +cosz(2?1T -0)=

Sol: LHS = cos?0 +COSZ(2?Tt + 8) + cos? (2?“ - 0)

Nw

21 L2,
= c0s?0 + [ cos = -cos6 — sin —~.sin 0]2

2T .2m .
+[ cos =-.cos 0 + sin —-.sin 0]2

V3

:cosze+[—%.cose - 7.sine]2+[f% &

.cos 0 + < -sin 0]?
= c0s?8 +[%. cos?0 + \/2_§ sin Bcos 6 + %.sinze]
+[%.c0526 - ?.sin Ocos 6 + %.sinzﬂ]
= cos?0 +i cos?0 +E sin?0 +l cos?0 + %.sinze
[1+ +—] c0526+[ + ]sm 6
= Ecoszl':) +>sin?0 == [stG +c0s%0 ]— =RHS
LHS RHS

12. Prove that
sin?(a - 45°) + sin?(o+15° )- sin? (- 15°) =
Sol: LHS = sin?(o - 45°) + sin?(a+15° )- sin?(a - 15°)
= sin?(a - 45°) + sin(a+15° + o - 15°)-
sin(o+15° — a + 15°)

=sin?(a - 45°) +sin 2a. sin 30°

1—cos(2a—90° . 1
= 1-cos(26-30° +sin 20(. =

1 —sin 2a+sin 2« _1

> == —RHS
~LHS= RHS
sin(n+1)a— sin(n-1)a _ a
13. Prove that cos(n+1)a+2 cosna+cos(n—1)a Stan 2

sin(n+1)a—- sin(n—-1)a
cos(n+1)a+2 cosna+cos(n—-1)a
sin(na+a)- sin(na—a)

SOl: LHS =

" cos(na+a)a+2 cos na+cos(na—a)
. 24
2 cosna (sin ) _ sinag _ 2sin; cosy

- - - . o
2cosna (cosa)+2cosna cosa+l ZstE

=tan< =RHS
2

~LHS=RHS
14.1f x+y= 2?" and sin x+siny = % then find x and y.
Sol: Given x+y= 2?7[ and sin x+siny = % (1)
sinx+siny = %
= Zsin(:¥) C())(s—(xz—y):%
Zsing cos(Ty) =3
2\/—§ cos(ﬂ =3

cos(— =37 7_COSE
X—;y =2nm +
x-y=4nni§ ..(2)

x+y=2—n ...(3)

3

ENE
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add eq(2) and eq(3)
2x=4nm + = +2
3 3
2ntm

=4nm +
= 4nm+m or 4mr+§
=>x=2nn+§ or 2nn+%
x+y=2Z
Z_ 3
y——ﬂ—x—— —(2n7r+—) ———2n7r or
y=?—(2nn+g)=5;2nn ,
15.If cos x+cosy = 5 €COSx-cosy=z. Then show
that 14tanx;—y +5cot2¥ =0

2

4

Sol: COSX+COSY =¢

2

COS X- COSY ==
cosx+cosy 7 _ 14
— - =S =

Cosx—cosy

2 cos(x+—y) cos(ﬂ) 14

-2 sm(—) sm( ) "5

cot(x+y)
“anth s

= 5cot(—) -14 tan( A

~14tan =X +5cot— —O

sm(a+[3) a+b
16. If sn(ap) —a—b
atanff=btana
. sin(a+B) _a+b
" sin(a—B) a-b
According to componend dividend rule
sin(a+B)+sin(a—B) (a+b)+(a—b)
sin(a—B)-sin(a—-B) (a—b)—(a-b)

2sina cosf _a

14

—— then prove that

2cosasinfB b
tana a

tanf3 b
S atanf=btana
17. If m sin B = n sin(2A + B) then show that
(m +n)tan A = (m - n) tan(A+B)
Sol: msinB = nsin(2A + B)
m _ sin(2A+B)

n sinB
By componendo and dividend, we get
m+n _ sin(2A+B)+sinB _
m-n sin(2A+B)-sin B -
2sin(A+B) cos A tan(A + B) cot A
————— =tan co
2 cos(A+B)sin A
m+n
= (m — n) tan(A + B)
cotA
~{m+n)tanA=(m-n)tan(A+B)

18. If tan(A+B) = A tan(A- B) then show that
(A+1) sin 2B = (A-1) sin 2A.
Sol: tan(A+B) = A tan(A- B)

tan(A+B) _&
tan(A-B) 1
sin(A+B) ,,cos(A-B) _&
cos(A+B) sin(A-B) 1

Using componendo and dividend

sin(A+B) cos(A-B)+cos(A+B) sin (A-B) 7&1

sin(A+B) cos(A—B)—cos(A+B) sin (A-B) T a-1
sin2A _A+1

sin2B A-1
~ (A+1) sin 2B = (A-1) sin 2A.
19. If A+B+C = 180° then prove that
sin 2A +sin 2B+sin 2C =4sin Asin Bsin C
Sol: Given A+B+C = 180°
LHS = sin 2A +sin 2B+sin 2C
=2 sin(2A+2B) cos(ZA—ZB) +sin 2C
=2 sin(A + B) cos(A — B) +sin 2C
=25in(180° — C) cos(A — B) +sin 2C
=25sinC cos(A —B) +2sinC cosC
=2sinC [cos(A—B) 4+ cosC]
= 25sinC {cos(A — B) +cos[180° - (A+B) |}
=2sinC [cos(A — B) - cos(A — B)]
= 2sinC[2 sin A sin B] = 4 sin A sin B sin C =RHS
~LHS=RHS
20. If A+B+C = 180° then prove that
sin 2A -sin 2B+sin 2C =4cos A sin B cos C (model)
Sol: Given A+B+C = 180°
LHS = sin 2A -sin 2B+sin 2C
2A+2B, . 2
=2 cos(’ > ) sin
=2 cos(A + B) sin(A — B) +sin 2C
=2 c0s(180° — C) sin(A — B) +sin 2C
=-2cosC sin(A — B) +2sinC cosC
=2cosC [sinC—sin(A—B)]
=2 cosC {sin[180° — (A + B)-sin(A—B) ]}
=2 cosC [sin(A + B) - sin(A — B)]
= 2 cosC[2 cosA sinB] =4 cos A sin B cos C =RHS
~LHS=RHS
21.1f A+B+C = 180° then prove that
cos 2A +cos 2B+cos 2C =-1-4cos Acos Bcos C
Sol: Given A+B+C = 180°

LHS = cos 2A +cos 2B+cos 2C

=2 cos(@) cos (2A 2B ——) +cos 2C

=2 cos(A + B) cos(A B) +(2cos2C -1)

=2 c0s(180° — C) cos(A — B) +2cos?C -1
=-2 cos C cos(A — B) +2cos?C -1

=-2cosC [cos(A —B)-cosC] -1
=-2cosC {cos(A —B) —cos[180°— (A+ B)- ]}
=-2 cosC [cos(A — B)-cos(A + B)]-1
= -2cosC[2 cosAsinB]-1=-1-4 cosA cosB cosC
=RHS
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~LHS=RHS
22. If A+B+C = 90° then prove that
cos 2A +cos 2B+cos 2C =1+4sin Asin Bsin C
Sol: Given A+B+C = 90°
LHS = cos 2A +cos 2B+cos 2C
=2 cos(22X28) cos(ZA—ZB) +cos 2C
=2 cos(A + B) cos(A — B) +cos 2C
=2 cos(g —C) cos(A—B) +2cos2C
=2sinC cos(A — B) +(1 — 2sin?C)
=1+ 2sinC [cos(A — B)-sinC ]
= 1+25sinC {cos(A —B) —sin[> — (A+B)]}
=1+ 2sinC [cos(A — B) - cos(A + B)]
=14 2sinC[2sinAsinB] = 1+4sin Asin Bsin C
=RHS

~LHS=RHS

23.In Ale ABC prove that

2A 2B

sin“ =+ sin sin? 1-2cos= A cos— B sin .
2 2 = 2 2 2

Sol: A,B,C are Ale angles

A+B+C = 180° = @ =90°

. 2A . ,B . ,C
LHS  =sin? o+ sin? == sin? >

. 20 1-cosb
v sin® == ———
2 2

1-cosA  1-cosB 1-—cos C]

2 2 2
[1- cos A+1- cos B-1- cos C]
[1- (cos A+cos B) + cos (]
[1- (ZCOS@ cos—) +1-2sin? —)]
[2- 2c0s(90° — —) cos —) -2sin? —)]

=1 £ eosty - &
—2[2 ZSm2 cos2 > ) 2sin? 2)]

Il
—

N|l—\N||—\N|HN|l—\

— 20 ginS cos?BY gin2 &
—2[1 scln2 C(f =2 ) 5121 2)]
=1-sinZ[ cos—— +sin]

COS— +sin (90° — ﬂ)]

A+B

=1-sin=[
[cosT+ cos—]
[

=1-sin

INE N SN NN Nl V)

=1-sinS[2 cos2 cosB]
A B

=1-2 cos— cos— Sln— =RHS

2 2 2
~LHS=RHS
24. If A+B+C = 0° then prove that
sin 2A +sin 2B+sin 2C = -4sin A sin B sin C
Sol: Given A+B+C = 0°
LHS = sin 2A +sin 2B+sin 2C
. 2A+2B 2A

=2 sin( ) cos

= 2 sin(A + B) cos(A — B) +sin 2C
2 sin (—C) cos(A — B) +sin 2C
-2sin C cos(A — B) +2sinC cosC
-2sin C [cos(A—B) —cosC]
-2sinC [ cos(A — B)-cos(—(A+ B) ]
=-25sinC [cos(A — B) - cos(A + B)]

= -2sinC[2 sin A sin B] =-4 sin A sin B sin C =RHS
~LHS=RHS
25. If A+B+C = 270° then prove that
cos 2A +cos 2B+cos 2C =1-4sin A sin B sin C
Sol: Given A+B+C = 270°
LHS = cos 2A +cos 2B+cos 2C

=2 cos(@) cos (ZA 2B ——) +cos 2C

=2 cos(A + B) cos(A B) +cos 2C

=2 cos(%Z —C) cos(A—B) +2cos2C

=2 (—sinC) cos(A — B) +(1 — 2sin*C)

=1-2sinC [cos(A—B) +sinC]
=1-25sinC {cos(A — B) +sin[>-— (A+B) ]}
=1-2sinC [cos(A — B) - cos(A + B)]
=1-2sinC[2sinAsinB] = 1-4sinAsinBsinC
=RHS

~LHS=RHS

26. If A+B+C=2S. Then prove that
cos(S — A)+cos(S — B)+cos(S — C)=4cos§cos§cos§
Sol: Given A+B+C=2S
LHS =cos(S — A)+cos(S B)+cos(S C)+cos S
i B) Cos(—) +2 os(—) cos ( C)
=2 cos (g) COS(T) +2c os(—) oS (g)

A+B

=2 cos (%)[ cos(Az;B) +cos (—) ]

=2 cos (g)[z oS (%) cos @)]

A B C
=4cos 5 €080 = RHS
~LHS=RHS

%k %k k

=2 cos(——

7. TRIGONOMETRIC EQUATION
1. Solve tan 0+3cot O = 5secO
Sol: tan 0+3cot 8 = 5sec 6
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sin® cos® 5

cos® ~sin® cos@

sin®6 +3cos*8 _ 5
sin Bcos O cos 0

sin®?® + 3cos?0=>5sin0
sin?@ + 3 (1 —sin? 0 )=5sin6
sin?8 + 3 — 3sin® 0 =5sin O
2sin?6 +5sinB-3=0
(2sin 8-1)(sin 8+3) =0
sinf = 1 ;= z
2 6
6 =nn+(—1)”%
2. Solve 2 cos? 0 -+/3 sin H+1=0
Sol:  2cos?0-4/3sinf+1=0
2 (1 —sin?0)-+/3sin H+1=0
2 — 2sin? 0 -/3sin +1=0
2sin? 0 ++/3sinf -3=0
2sin? @ + 23 sin @ - V3 sin 6- (v/3)2=0
2 sin 6(sin 8+V3) - V3(sin 8+V3) =0
(2 sin 8-v/3)( sin 8+V3) =0
sin =§ or-V3 ;cx=§
6 =nm+(-1)" %
3. Solve 4 cos? 0 ++/3 = 2(v/3+1) cos @
Sol:  4co0s?0++/3=2(/3+1) cos0
4c0s%0-2/3sin0-2cos8-v/3=0
(2 cos B-v/3)( 2cos6-1) =0

2cosB-1=00r2cosB-v/3=0

V3 1
cosB=— or-
2 2

cos 9=cos§ or cos 6=cos%

I

3
General equation 6 =2nn+ig

0 =2m't+i§

4. Solve 7 sin®> 0 +3 cos? 0 =4

Sol:  7sin?0+3cos?0 =4
7sin?2@+3 (1 —sin?0)=4
7sin® 6 +3 —3sin’ 0 =4
sin? @ =i =(%)2
sin? 0 =sinzg =0 =nn+ig

5. Solve cot? @ -(1 ++/3) cotf++/3=0

Sol:  cot?0-(1++/3)cotf++/3=0
cot® (cotd-+3)—(cotf-v3)=0
(cotB-1)( cotB-+/3) =0
cotf-1=0or cotf-+/3=0
cotd =1orcotf =3

1
tanH—lortan—\/—§

tanf = tan% or tang = tan%

H . " " K1
- Principal solution is 6 =z or

. . . . g T
= Principal solution is 6 =z ory

General equation 6 =nn+ig
0 =n‘n+i%t
6. Solve 1+sin? 0 =3sin 0 cos 0
Sol:  1+sin® B =3sin O cos 8

Divide both sides with cos? 0
1+sin?6 3sin6cos6

cos20 cos2 0
1 sin’6 _ 3sin®
cos20 cos?9 cos 0

sec? 0 +tan® 6 =3tan 0

(1+tan? 0 )+ tan® 6 = 3tan 6
2tan? 0-3tan6+1=0

(2tan6- 1)(tan6-1) =0

tanf =1ortanf = %; 9=tan“1%

tan @ = tan%or tan @ = tang

. - - « T —
-~ Principal solution is 6 =, or tan 1

N~

. T
General equation 0 =nm++ "

0 =nm++ tan~?

1
2
7. Solve sin 50+sin 68 = sin 30
Sol: sin 50+sin 0 = sin 30

(sin 56 + sin 8) = sin 36
2 sin(se;e) cos(#) =sin 30
2 sin 30 cos 26=sin 36

sin36(2cos26—1)=0
sin360=0o0r 2cos20 —1=0= cos26 =—%

. . T
sin 30 = sin 0 or cos 26 = cos 3

General equation is 30 = nm or 29=2mr+i§
=>0= % or 9=nT[+iTgt
8. Solve cos 80+cos 20 = cos 50

Sol: cos 80+cos 20 = cos 50
cos 86+cos 20 - cos 50 =0

2 Cos(se;rze) cos(segze) - cos 50 =0
2cos 56 cos 30 - cos 50 =0

cos 50 (2cos36-1) =0
cos56=0o0r2c0s36-1=0

c0536=3
2

cos50=0or

T T
cos 50 = cos or cos 30 =C0os 7

General equation is 50 = 2nm £+ g or 36=2nm + g
9=2"_"i£0r9=2"_”_|__3
5 — 10 3 —9

9. Solve cos 0. cos 20. cos 30 = %

Sol: cos 0. cos 20. cos 39=%

4c0s 6. cos20.cos30=1
2(2cos30.cosB)cos26=1

2[cos(36 + 8)+ cos(38 — 6)] cos206=1
2[cos 46+ cos20] cos 26 =1
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2 cos 40. cos 26+2c0s?20-1=0
2 cos 490. cos 20+cos 46=0

cos 406(2 cos 26+1)=0
cos40=0or2cos20+1=0

cos 20 = _71

T 2T
cos40 = Cos > or cos 206 =cos?

cos46=0or

General equation is 46 = 2nm + g or 26=2nm %+ g
0="4+Zor0=nm +=
2 —8 6
10. Solve v/3 cos 8+sin 6 = /2
Sol: V3 cosB+sin 6 =2
Dividing both sides with 2
V3 1. V2
— cos 0+=sinf =—=
2 2 2
L
V2

T . . T 1
cos 8 cos— +sin 8 sin—=—
6 6 V2

V3 1 .
~ cos 9+Esm0 =

cos( 6- )= cos =
6 ‘ﬂf4 T
General equation is 8- e 2nm £+ "
0=2nm + 45 =2nm +5—ﬂor2mr—1
46 12 12
11. Solve V3 sin 8-cos 6 =2
Sol:  +/3sinf-cos@ =2

Dividing both sides with 2

V3 . 1 V2
—sinf--cos @ =—
2 2 2

(model)

V3 sin 0-1 cosf = L
2 2 V2 L
sin @ cos = -cos O sin—=—
6 L 6 V2
B T
sin( 8- E)_E . .
General equation is Q—E =nm + (—1)“2
0= n7r+(—1)“%+%t
12. Solve tan 0 + sec 9 =3
Sol: tan 6 + secH =+/3
sin 6 1
+ =3
cosB cosHO \/_
sin 0+1= V3 cos
V3 cos 0 -sinf =1
Dividing both sides with 2
v3
2 1
cos 0. cos=-sin B, sin===
6 6 2

1, 1
—sin@ ==
cos 9 5 6 >

I
3

. o T[ T
General equation is 6+ P 2nm + 3

cos(6+g) =cos

m T T T
0=2nTr £ —--—-=2nmT +—or2nmT — =

3 6 6 2

13. Solve 1+|cos x| +|c0S? X [+......00
2 3

Sol: 81+Cosx+ COs“X +c08”° X +---.00 =43 for all
xe(-m,m)
Given 8l+cosx+cos?x +cos®x +.00 _g3

For x BIEI0 the given equation has no solution.
For x BE0 we have |cos x| < 1

1
1+ cosx +cos?x +cos®x + ---.00 =

_1—COS X
Now 81+cos x+cos? x +c0s® X ++.00 _43

2 X N
= 23(1+cosx+cos X +€08° X ++--.00) :(22)3

1
= 230 ews?) =(2)6
3 —
1-cosx B
1 1
1- cosx=5:> cosx=1-z=

N~

™ T
DX= ==
3 3
14. Solve 4sin x. sin 2x. sin 4x = sin 3x
Sol: LHS =4sin x. sin 2x. sin 4x
= (2sin x)(2sin 4x.sin 2x)
= (2sin x)[cos(4x — 2x) —cos(4x+2x)]
= 2sin x(cos 2x —cosb6x)
=2cos 2x sin x — 2cos6xsin x
=sin(2x + x) —sin(2x — x) — 2cos6xsin x
=sin 3x —sin x — 2cos6xsin x
sin 3x —sinx — 2cos6xsin X = sin 3x
sinx + 2cosbxsinx =0
= sinx (1 + 2cos6x) =0

. 1
sinx=0or c056x=—5

= X =NT
15. Solve 3cosec O =4sin 0
Sol: 3cosec 6 =4sin 0
3 .
e 4sin 6
3  =4sin’0
3 _sin%@
4
2 =sine
_r
6 =nm + g
16. If acos 20+b sin 20 =c. Then prove that

2b , c-a
tan @ +tan 0, =—— "tan 0. tan 8, =——
c+a c+a
Sol:  acos26+b sin 26 =c
1-tan? @ 2tan®
a[1+tan2 2] ] +b[1+tan2 0 ]=c
a{l —tan? 0 )+b(2tanB) = c(1 + tan?0)
a—atan?6 +2btan®=c+ctan’0
ctan® @ +atan®? 6 -2btan®+c—a=0
(a+c)atan® O -2btanB +(c—a)=0
This is a quadratic equation in tan6 and

tan 0, ,tan 6, are solutions then we get

2b
~tan6;+tan 8, =——
c+a

tan ;. tan 0, = —o
an . tan =
1 27 c+a
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17. Solve sin=20 - cos @ = = 8. HYPERBOLIC FUNCTIONS
o iz 1 4 1. Prove that
Sol; sind -cost = n sinh(a + B) = sinh a cosh  +cosh a sinh 3
(1-cos?8)-cos O = % Sol: RHS = sinh a cosh {3 +cosh a sinh 8
4-4c0s%0 -4cos0=1 _efmeT® cPre™F eCrem® Poe”f
2 2 2 2

4c0s? 0 +4cos0-3=0 ) E ]
(2cos 8 + 3)(2cos 6-1) =0 =2l —e™)( ef + e P)+ (e® +
2cos0+3=0o0r2cosH-1=0 e™%)(eP —1€_ﬂ)]

cos 6 :—?3 or% =3 [(e%tB + e% B — o=a+B _p-a=B),
(ea-i-B — e(l—B + e—(X+B _e—a—ﬁ)]

etHB_ o=(+B)

2

cos 0= cosg
6 =2nm + T =320 — em+P) =
~ava sinh(o + ) = LHS
~ sinh(a + B) = sinh a cosh 3 +cosh asinh 3
2. Prove that
cosh(a + B) = cosh acosh 8 +sinh asinh 8
Sol: RHS = cosh a cosh 8 +sinh a sinh 3
e®+e™® ebie B + e%—e® ef_p=B
2 2 2 2
=2le® —e)(eP + e Pl (e — ™) ef —eF))
=%[(e"‘+B + e% B emaHB pemahF),
(ea+B — =B _ p—a+B +e—a—ﬁ)]
1 e®*tPy = (+p)
=3 —
= cosh(a + ) = LHS
~ cosh(a + B) = cosh a cosh  +sinh a sinh 3

Exercise Problems
1(i).Find the principle solution of 2cos? x =1

2[e®B + e~(@+B)] =

- tanhattanhp
3. Prove that tanh(a + B) = o=
Sol: LHS = tanh(a + B) “cosh(a+B)

_sinha cosh g+cosha sinh g
“cosha cosh B+sinh a sinh
On dividing numerator and denominator by
cosh a cosh B8, we get
sinha cosh B+cosha sinh 8
cosha cosh g _
= cosha cosh B+sinhasinh f —
cosha coshp
sinha cosh f  cosha sinh g
cosha cosh B cosha cosh g _tanha+ tanh 8
cosha cosh f8 } sinha coshp — 1+tanh a tanh 8
cosha coshf cosha coshf

] _ tanhattanhf
~ tanh(a + B) = 1+tanhatanh B
4. Prove that

sinh(a — B) = sinh a cosh f -cosh a sinh 8
Sol: RHS = sinh « cosh {3 -cosh a sinh 8
e%—e % ePre B %o @ P F
2 2 2 2
=1lle” —e™)(ef +e7F)- (e +e™)(eP — )]
_1 + - —a+ —a—
_Z[(eaB_l-eaB_eaB_eaﬁ)_

(ea+B — B 4 gmatP _e—a—ﬁ)]
SlofeatB o o-(otpyy o X e D
4Z[e + e ] >
sinh(a — ) = LHS

=~ sinh(a — B) = sinh a cosh 3 - cosh asinh
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5. Prove that
cosh(a — ) = cosh a cosh § - sinh asinh 8
Sol: RHS = cosh a cosh 3 +sinh asinh 3
_e%e™® efreF e ef—e B
2 2 2 2
==lle +e ) (ef +e7F)- (e — e )(ef —e7F)]
=2 [(e®*B 4 4B 4 omatB L omaB).
(ea+B — =B _ g—a+B +e—a—ﬁ)]
e@ By o=@ p)
—

15008 —(a—B)7 =

=3 2[e + e 1=

= cosh(a — ) = LHS
~ cosh(a — B) = cosh acosh f3 - sinh a sinh 3
6. Prove that sinh 2x = 2sinh x cosh x
Sol: RHS = 2sinh x cosh x =

eX—p=X pXpp =X  p2X_o—2X
2( =
2 2
~ sinh 2x = 2sinh x cosh x
7. Prove that cosh 2x =cosh? x + sinh? x
Sol: RHS= cosh? x + sinh? x
eX+e ™ eX—e™X
= ()2
_(eP+e 2 42)+(e*+e 2 -2) 2e2¥42e7 2%

4 24

= sinh 2x =LHS

2Xx —2X
e +e
== cosh 2x

=~ cosh 2x =cosh? x + sinh? x

2tanhx
8. Prove that tanh 2x = ————
1+tanh2 x
tanh x+tanhy

Sol: Let tanh(x + y) = Trtanhxtanhy

On taking y+x, we get

tanh(x =
a ( +X) 1+tanhxtanhx

2 tanh x
tanh 2x = ————
1+tanh?x

9. Prove that sinh 3x = 3sinh x+4sinh? x
Sol: LHS=sinh 3x
=sinh(2x+x)
= sinh 2x cosh x+cosh 2x sinh x
=(2sinh x cosh x) cosh x +{1+2sinh? x } sinh x
=(2sinh x cosh? x ) +(1+2sinh? x) sinh x
= 2sinh x(1+sinh? x ) +(1+2sinh? x ) sinh x
= 2sinh x+2sinh® x +sinh x+2sinh3 x
= 3sinh x+4sinh® x = RHS
« sinh 3x = 3sinh x+4sinh? x
10. Prove that cosh 3x = 4cosh3 x -3cosh x
Sol: LHS=sinh 3x
=cosh(2x+x)
= cosh 2x cosh x+sinh 2x sinh x
=(cosh? x +sinh? x } cosh x +(2sinh x cosh x) sinh x
=(cosh? x +cosh? x -1) cosh x +(2sinh? x cosh x)
=(cosh? x +cosh? x -1) cosh x +[(2(cosh? x — 1) coshx]
=(2cosh? x-1) cosh x +(2cosh? x — 2) ) cosh x
=2cosh® x - cosh x +2cosh? x -2cosh x
= 4cosh? x -3cosh x = RHS
=~ cosh 3x = 4cosh® x -3cosh x

tanh x+tanh x

3
11. Prove that tanh 3x = 3tanhx+ tanh x
1+3 tanh?x
Sol: LHS = tanh 3x = tanh(2x + x)

2tanhx
tanh2x+tanhx T ohnzx

" 1+tanh2xtanhx qq_2tamhx oo
1+tanh? x

_ 2tanhx+tanhx(1+tanh®x) _

1+tanh? x +2 tanh? x
2 tanh x+tanh x+tanh? x)

+tanh x

1+tanh? x +2 tanh? x
_ 3tanhx+tanh®x)

= RHS
1+3tanh?x
3tanh x+ tanh? x

1+3tanh? x
tanh x

12. Prove that +
sechx—1 sechx+1
tanhx tanh x

~tanh3x =
tanh x

= -2cosechx

Sol: LHS = +
sechx—1 sechx+1
tanh x(sech x+1) +tanh x(sech x—1)

- (sechx—1) (sech x+1)
B 2tanh x sech x 2tanh x sech x

sechzx -1 —tanh? x
=-2cothxsech x

_ _,Coshx 1 1

sinhx coshx sinh x

2cosech x+RHS

tanh x tanh x

+ =-2cosech x
sechx—1 sechx+1

13. Prove that
[cosh x + sinh x]" = cosh nx + sinh nx
Sol: LHS = [cosh x + sinh x]"

e*+e ™% n e"—ze_x]n - [e¥]"=e™™

RHS = cosh(nx) + sinh(nx)

enx+e—nx enx_e—nx

nx

> =e
~ LHS = RHS
14. if cosh x= ;, The prove that
5v21

2

2

23 .
cosh2x = EX sinh 2x =

5
Sol: cosh x= 5

sinhx =vVeosh?x — 1= (92 1= /?—1: e

. 5 V21. 25 21 46 23
cosh 2x =cosh? x + sinh? x =(2)? +(=)? =+ ===

2 4 4 4 2
. V21 5 5y21
cosh 2x = 2sinh x cosh x = ZXTXE ==

15.If u=log, (tan(% + g)) then prove that
coshu=secH
Sol: u= loge(tan(% + g))
U _pan(® 4 &
e’ =tan(; + 2)

“u = cot(F 1 ?
e —cot(4+2)
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T 0 T 0
u -u —t— ——=
et+e =tan(4+2)+cot(4+2)=
2

coshu=
1

sin(Z+2) cos0

=secH

~ coshu=-secO

16. If sinh x= %then find cosh 2x and sinh 2x.

. 3
Sol: sinh x= "

cosh2x=2sinh?x+1=2(0)2 +1=2.—+1==
4 16 8

17
1+cosh2x _ [1+4  [25
coshx = [———= = |[===
2 2 16

sinh 2x =2 sinh x cosh x =
@#@

-le
&l
I

9. LIMITS AND CONTINUITY
Compute the following limits
x2-8x+15
29
x%—8x+15 _ .. (x—5)(x—3)
29 lim,3 (x+3)(x—3)

1.limx_)3

Sol: lim,_,5

(x5)35—2 -1

x=3 (x+3) “3+3 6 3
x|
2. llmx_)oJr s limyq- ==

Sol: Let f(x) hrnx_,0+ lx[

R x<0
f(X)={x, x=0
={—1,x<0

1,x>0

llmx_,0+ x =lim, o+ (+1) =+1

=lim

x#=0

llmx_,o— =lim,_o-(—1) =

3. llmx_,2+([x] +x); llmxaz—([x] +x)

Sol: lim,_,,+([x] + x) =

lim,_,+(x + x)=lim, _,+(2x) =2(2) =

lim,_,- ([x] 4+ x) =lim,_,-(—x + x)=—2+2=0

tanx
4, llmx_,o

tanx
Sol: hmx_)0 =

smx sin x 1
lim lim ) lim
x—>0( cosx) x—»o( x—»O ( COSX)

=1.1=1

Vitx—1
5.1lim,._,

m 1

Sol: Given value is lim,_,

By rationalizing the numerator
T+x—1 \/1+x+1

=lim =
x—0 \/1+x+1

\/m 1D(V1+x+1)

x(V1+x+1)
(@)2-12 . 1+x-1
x(\/m+1) M0 x(VI+x+1)

lim,_g—— (mﬂ)

By substituting the value x=0, we get
1 1

“a+n 2
6. llmx__)o[

llmx_)o

=lim,_,—=——

1
(V1+0+1)

-1
1+x—-1

]

Sol: Given lim,,_,[ —

1+x—1]
For 0 < |x|<1 by rationalizing the denominator
s e*—1 J V1+x+1 _
- th_}O[\m—l]X\m+1 -
lim (e*-1)(I+x+1)
20 (iFx-1)(/1+x+1)
@*-1)(V1+x+1) =i (e¥-1)(W1+x+1)
(VI+x)2—12 x=0 14+x—-1
(ex—l)(\/m+1)

=lim,_,q
= hmx_,o

llmJHO 1) llm,‘HO Wl+x+1)

Page 52




First year Vocational Bridge course-MATHEMATICS

By substituting x=0, we get v1 + 0 + 1 =1+1=2;

(e*-1)

o hmx_)o =1

=lim,_, &2 1) imyo (VI Fx + 1) =1(2

7. llmx_,o[ ](a>0 b>0, b+1

Sol: lim,_,q [E] for x#0 by dividing the
numerator and denominator with x

a -1
lim,,_,o[ 57=], we know that IIIT(I)T =log, a;

X

similarly ylcl_I)% T =Ioge b

a*—1 !
.1 X _log8ea
- hmx_m[bx—_l] —m

. a —1 loge a
~ lim =
x_’O[bx 1] log. b
sinax
8.lim
%20 §inbx )
sin ax

Sol: Ii smax_. . _a

o 1mx—>0 nbx My 0 S ax b
a

sin kx
lim,_,q =k
3x
. e’ -1

9. llmx—>0[_]
e3¥—1

Sol: llmx_)o[ ] = llmx_,o[?]i‘,: 1.3=3

er—1
+ lim,_g——=1

x—0 ¥

. X—sinx—1
10. lim,_, o[ =)
. e*—sinx—1 e*—1 sinx
Sol: hmx—>0[_] = hmx—»O[ - T]
e*— sinx
=lim,_,,— . -llmxéo -1—1=0
. 83+x 3
11. llmx_)o[
. e3tX_g3 . e3(e*-1
Sol: lim,,_,o[ 1=1lim,_q gle1)
e —1
—e3llmx_>0( ) =¢3(1) =¢3
eSll’lx 1
12l o[ ==
-1 . eSiN¥_1 sinx
Sol: lim =lim —
x—>0[ ] x—-0 sinx x )
esinx_q sinx
=lim,_, o My =1.1=1
13. lim,_ o[ ——1]
x>0 Jﬁc—l
3% —1 X
Sol: llmxﬁo[m 7= limye o[ —— m—ﬂ

= limyo[ 7. lims g (m)
= log 3. limx_,o (ﬁ)
- Vitx+1
=log 3. lim,,_, (\/ﬁ) ( w/1+i+1)
) (V1+x+1)
=log 3. lim,_, (%)
=log3. lim,._,, (D)

=log3.lim,_ o ((¥1+x +1))
=log3. (W1+0+1)
=(log 3)(1+1) =2log 3

. _ 2 _
14. limx—m sin(x—a)tan”(x—a)

(xZ_aZ)Z
e sin(x—a)tan?(x—a)
Sol: llmx__,a W
. (x—a)sin(x—a) . tan(x—a) v, 1
=limy.q (x—a) {limyq (x—a) ¥ (x+a)?
1
_0'1'1(a+a)2 =0
. €os ax— cos bx
15. llmx_,o —a
: cos ax— cos bx
Sol: lim,,_,, x—2
s cos C-cosD = Zsmg smE
. 2 Smax+bx Sinbxzax
= hmx_)o T =2
. sin(azﬁ)x sin(?)x
T ey b
. (“—)x sin(Hx
=2[11mx—>0[ ][lim er[TZ]

xsma asinx

16. llm
x-a _—
2 xsina—asinx
Sol: hmx_)a T
1 (xsina—asina)—(asinx—asina)
=lim,_,, -
i sina(x—a)—a(sinx—sina)
=lim
x—a —a
1 (x—a)sina (sinx—sina)
-l]mx_)a[—] -a l]mx_,a[x—a]
. . . 2cos(—) Zsm(“—a)
=lim,_,sina -a hmx_,a[T]=
S (X+(1)
. . X+ag . .
sina -a 2lim,_,, cos(T). lim,_,4[ — ]

. ata\ 1 .
=sina-a.2 COS(T) S =sina-acosa

Yimx-¥1i=
X

Virx-¥1—x _
X

17. limx_)o

1 1
(1+x)3-(1-x)3

Sol: lim,_,q "

= limy
1 1
(1+x)3-1 (1-x)3-1
X

1 1
L (1+x)3-1  (1-x)3-1
=limgq )01 [ (1+X) 1 (1+x)—1]

= limy,o[

. 1-cos2mx
18.1lim —_—
20 GinZny
1—-cos2mx _ li
emzne - MMy

)2

Sol: lim 2sinmx
) 20 ginZny

sin mx
=) (o

sin?nx

2,2 2
=2 (1)2

—lemx__,o(

sin nx n2x?

=2_2

x2+5x+2
19.lim —_—
XP 2x25x+1

2 5,2

. x245x+2 . X2 (1+—+=

Sol: lim ———=1]lim — X

X0 2x2-5x+1 X0 42-54 1y

x x2
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~lim (1+x+x2) _1+0+0 _ 1
T X0, 5 T2-0+0 2
@ x+x2) 0+0
. 8|x|+3x
20.lim x|

A= 3| x|-2x
Sol: if x — oo then x>0, Hence |x| = x
8|x[+3x 8x+3x
3|xl 2x = 3x-2x

=11mx_>OO 7 =lim,_,, 11 =11

21. lim,_,,(vVx + 1-/x)

Sol: lim,_, o (Vx + 1 v/x )=
Wx+1—-Vx)(Vx+1+Vx)

s limy e

X—00

lim,_,q e
- hm x+1-x
X0 (Vx+1+v%)

. 1
-“mx%m
=lim,_, o, ———

c/i ; B
0 0
=lim,_,q ==0
x ( 1+;+\/I) “Vito+1 2

22. lim,_, (VX% + 1-x)
Sol: limy_, (VX2 + 1-x)

VxZ+1+x
=limy e (V2 + 12 ) o
x%+1-x2

= o (g 1= 1M \/xz—++x)

= 11mx—>00(—) = limy 00 ( —)
x2+i2+_ 1+ +1
X P 4

T Vi+0+1

sin(a+bx)—sin (a— bx)]

23. Evaluate lim,_o[ .

Sol: limx_m [sm(a+bx)—sm (a—bx)]
2cos a+bx+a-bx\ . (a+bx—a+bx)
=limy o[ ( 3 . ]
=Zlin(1) cosa lirr(l) % =2 cosa.b=2bcosa
x— x-
2x2-7x—4
24. Evaluate log,_,» D2

1 2x2-7x—4 -1 (x—4)(2x+1)
082 o (R-2) 082 xm 1) (V-2)
Wx—2)(Wx+2)(2x+1)

=0gx2 o Dve-2)

-] (Vx+2)(2x+1) _(V2+2)(2(2)+1) _ 5(V2+2)
=08x-2 T (k- e@-1 3
25.lim,_,, Zf zii

1 2x%—x+3 _ 1. x%(2- }ﬁxiz) _
Sol: llmx__,oo m = llI'le__)OO xz(l——f—c-i-xiz) =
lim - §+,%) _2-040 _ 2 _

X0y %’in) T1-040 1

. 11x3-3x+4
26. llmx__,00 m L
1 11x3-3x+4 _ .. x3(11—x—2+x—3)_
Sol: lim,_, e T limy —x3(13_ 5_ x%) =
lim (11- ) _11-0+0 _ 11
X® (13- §_L3 T13-0-0 13
3x2—4x+5
27 1Mo a7 L
N x3(E- S+=)
Sol: limy_, 0 % =lim,_,q 3"—"2"3
(2+ 7 x3)
=lim (%_’%Jr"%) =200 2.9
X% (24 x%—x% T240-0 2
CONTINUITY
sin2x .
1. If f defined by f(x) = { ifx=0
1,if x=0
continued at 0
sin2x .
Sol: f(x) = {  xz0 continued at 0
1,if x=0
f(0)=1
0gx-o f(x) = l0gy o Tt = 2
~ logyo f(x) # f(0)
~x=0 f is continues.
. K’x—Kifx>0,
2. If fgivenby f(x ={ =~ “isa
givenby () 2,if x<1
continuous function on R then find the value of K.

Sol: f(x) continuous on R
f(x) at x=1 is continuous
at x=1

f(1) =K2x — K=K2(1) - K=K2 — K

LHL = lim,,1 - f(x) = lim,_,;_ 2=2
At x=1 f(x) is continuous f(1) = LHL
K2 — K=2
K2 — K-2=0
(K-2)(K+1) =
K=2or-1

cos ax— cos bx

3. Show that f(x) = 1 , x
L2 —a?), x=0

,x+0

where a

and b are real constants is continuous at ‘a’

cos ax— cos bx

Sol: f(x) = ¥
%(b2 —a?), x=0

,x#0

f(0) = (b? —a?)

lim cos ax— cosbx - Tirm 251n(ax+bx)5in(bx;ax)
x->0" .z <2
. sin(—)x sm(—)x
th)ﬁ()%
. sin (ﬂ) sin(=%x +b,, b—
=2[lim, o —2—I[ limy o —2—1=2("2)( =)
2_ .2
- b 2a me-)o sinKx -K
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~ logy_o f(x) =1(0)
So, at x=0 f(x) is continuous.
4. Find real constants a,b. so that the function f
sinx, x <0
x2+aifo<x<1
bx+3,if1<x<3
-3, x>0

given by f(x) =

is continuous on R.
Sol: f(x) continuous on R
f(x) at x=0,3 is continuous
i).At x=0 f(x) is continuous
LHL
=logy_,o- f(x)=log,_,o— sin x=sin(0)=0
RHL =logy_, o+ f(x)=logy_ o+ X% +

a=0% + a=a
But x=0, f(x) is continuous
=LHL=RHL=a=0

ii} at x=3 f(x) is continuous
LHL=log,_,5_ f(x)=logy_,3_(bx + 3)=3b+3
RHL=logy,3+ f(x)=logy3-(—3)=-3
But x=3 f(x0 is continuous
LHL=RHL
3b+3=-3
3b=-6

@#s

10.DIFFERENTIATION
1. Find the derivative of sin (log x) (x>0)
Sol: f'(x) = ;—x (sin (log x)= cos (log x) ;—x (logx) =
cos (log x)% = S0SL0E%) (Logx)

2. Find the derivative of (x® + 6x* + 12x — 13)100
Sol: = (x% + 6x2 + 12x — 13)1%0

=100(x® + 622 + 122 — 13)1°071 2 (x% + 622 + 12x — 13)
=100(x3 + 6x% + 12x — 13)?°(3x% + 12x + 12)

3. Find the derivative of sin_1 Vx

Sol: —(sm—lf )= (f )= o
i@ =

1 1 1
T 2VIx VR 2vax2
4. Find the derivative of log(cosh 2x)

Sol: —log(cosh 2x)= e (cosh 2x)
hZ!xz(smh 2x) = 2tanh 2x
5. Find the derivative of (cot"1 x3)?

Sol:i(cot" x3)%2=2cot™1 x3 Lot x3)=
dx dx

5 143 3 —6x2 cot™1x3

cot™ i3’ 140

6. Find the derivative of log(secx + tanx)

— —(Secx
secx+tanx dx( +

tanx)= Isecx+tanx(secxtanx+sec2x)

Sol: %log(sec X+ tanx) =

_ secx (tanx+secx)

=secx
iccx+tanx
7. Find the derivative of 5™ ~*
in—1
d i1 inlyd . _1 esin~tx
Sol: —eSih "X = SI0 "X — (gin~t x) =
dx dx ( ) 1-x2

8. Find the derivative of sin~1(3x — 4x3)
1

Sol: Let x=sin® = 0 =sin” " x
- sin~1(3x — 4x3)
=sin~1(3 sin @ — 4sin®8)= sin"!(sin 30) =36
=3sin"1x
%Ssin‘l(&c —4x3
TVia?
9. Find the derivative of cos~1(4x3 — 3x)
Sol: Let x=cos® = 6 =cos 1 x
0s™1(4x3 — 3x)
=cos!(4cos30 — 3 cos 0)= cos~*(cos 30) =36

=3cos 1 x

24—y 224 1
-dx(3sm x)-3dx(sm x)

1X)

K EU N S S § -

“ 3 €0s (4x° — 3x)= = (3cos
-3

Vi-x?

10. Find the derivative of tan

-1

d
= 35 (cos™ x) =

Sol:x=tan® => 6O =tan"1x
. —1, 2X  _ —1, 2tan®
~tan™" (;—3) stan™"(

1—-tan 26
=26 =2tan "l x

= tan"(tan 20)
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n-1 _4d -1
(1 xZ o (2tan™" x)
_od ~1, = 1, 2
B 2dx (tan B 2(1+x2)_ 1+x2
11. Find the derivative of tan
- d - -

Sol: —tan 1( )= (tan La-tan™1x)=——

1+ax dx

4 a1 3 -1
(tan™! a) (tan x) =0 1+X2 =Tz 3
3 4x—4
12, Ify—tan X e -tan T ()
then show that =—
dx 1+x
Sol: Let x= tane =>0=tan"x
_1 4x—4%3
“y=tan (1 6x2+x4
_ -1 2tan6 + _1,3tan®-tan®0 _
=tan ( 29) ta ( 1-3tanZ@ )
tan=1( 4tan 9—4tan3 6 )
1-6tan? 0 +tan* 0

= tan~(tan 26)+ tan"!(tan 30)- tan~!(tan 40)
= 29+39 40=6=tan"1x

L4y -
Cdx (tan X) T 1+x?

13. Ify=tan"1[J11+J1_X] for 0< |x| <1 flnd

Sol: Put x%=cos 20 =260= cos~ ! x?

1,2

1 -
:9=E cos™ ' x

14+x2+V1-%2 _ tan-1 V1+cos 260 +V1—cos26

[\/1+X2—\/ -2 [\/1+c0520 Vi1—-cos260

\ 2cos 0 +, 251n 6 [cos e+sm9]
0- 0
| 2c0s% 6 - - 2sin® 6 costsim

cosO  sin®

y=tan~ ]

— —1rcos® cosO 1+tan®
= tan [cose _ sin® = tan~ [1 —tan 9]
cos 8 those .
= tan“l[tan(z +0)=2+0
T 1 .
=y = +3cos 1x2
dy d -1 .2 1 -1 —X
coS™ T x%] =04+= %] =
dx dx[4 + ] 2[\/1—(x2)2 ] Vi-x4
. L . _1,b+asinx
14. Find the derivative of Sin™ " (———
a+bsinx
(a>0,b > 0)
. d . 1 b+asinx, 1 d b+asinx
Sol: dx St (a+b sinx’ b+asinx,, dx a+bsinx

Jl_(a+bsinx
(a+bsinx)
J(a+b sin x)z-(b+a sinx)?
{(a+bsmx)&(b+a sinx)— (b+asinx)%(a+bsinx)

(a+bsinx)?
(a+bsinx)(a cos x)—(b+asinx)(b cosx)

- J/(@%+b? sinZ x+2ab sin x) - (b?+aZ sin? x+2ab sinx) (a+bsinx)

_ a? cosx+ab sinx cos x—b? cosx—ab sin x cos x

\/(az -b2)— sinzx(a2 -b2) (a+bsinx)
(a? —bz)cosx

J(az—bz)(l —sin x) (a+bsinx)
_ Vaz-b?
~(a+bsinx)

(a? =b?)cosx

\/(aZ—bZ )cos2 X (a+bsinx)

15. Find the derivative of cos~1(2X22%X)

(a> 0,0 > 0)
41
Sol: 4~ cos (

a+bcosx

d b+acosx

b+a COS X, , dX a+bcosx
a+b cosXx

b+acosx -1

):

)

a+bcosx

—(a+bcosx)
J(@+bcosx)2—(b+acosx)?
(a+bcos X)%(b+a cosx)—(b+acos x)%(a+b cosx)
{ (a+bcosx)?

_ —(a+bcosx)(—asinx)—(b+acosx)(-bsinx)
J(@aZ+bZ cos? x+2ab cos x)— (bZ+aZ cosZ x+2ab cos x) (a+b cosx)

_ a?sinx+ab sinx cos x—b? sin x—ab sin x cos x

J(az—bz) COSZX(aZ b2) (a+bcosx)
(a? —bz)smx

\/(az-bz)(l —cos x) (a+bcosx)
Vaz—p?

“(atbcosx)

(a? -b?)sinx

\/(az -b? )sin2 X (at+bcosx)
16. Find the derivative of tan(2x) from first
principle.

Sol: f(x) = tan(2x)

f(x+h) = tan 2(x + h)=tan(2x + 2h)
From first principle
f(x+h)—f(x)

h
tan(2x+2h)— tan(2x)

f{x) = limy_,o

=limy,_,o
1 [sin(2x+2h) sin(2x)
h cos(2x+2h) cos(2x)
sin(2x+2h) cos(2x)—cos(2x+2h) sin(2x)

cos(2x+2h) cos(2x)
1 sin(2x+2h-2x)

=limpo h [ cos(2x+2h) cos(2x)
- sin A cos B — cos Asin B =sin(A — B)
sin 2h 1

=limy,_,g

—llmh—>0 h [

=limp-o h  cos(2x+2h) cos(2x)
:2c0521(2x) =2sec?(2x)
17. Find the derivative of x sin x from first
principle.
Sol: f(x) = x sinx
f(x+h) =(x + h) sin(x + h)=x{sin(x + h)} +
h{sin(x + h)}

From first principle

£(x) = 1imh_>0 f(x+h)—f(x)

x{sin(x+h)}+h {sin(x+h)}-x sinx

=lim

h—0 h
=}im x{sin(x+h)—sinx}+h {sin(x+h)}
“"ho0 h

h {sin(x+h)}
h

]+%11_r)12J sin(x + h)

. X . . .
—}IIILI(I)E{SII’I(X + h) —sin x}+}111£r(1)

(x+h)+x n (x+}21)—x

- X
=%11m o [2 cos

-0
. X 2x  hy . hy 5. .

-%ll_l’g(l)ﬁ [2 cos(; + 5] sin 5]+%11_r)r(1) sin(x + h)

h sinl

o h, . T

—%ll_r)r(l)Zx cos(x +2).limy_,o =2 ]+}11£r(1) sin(x + h)

1 . .
= 2XCOS XE + SIN X =XCOS X+SIn x




First year Vocational Bridge course-MATHEMATICS

18. Find the derivative of x%+2 from definition
method.

Sol: f(h)= x*+2

f‘(l‘l}:&i%—:m

(x+h)’ +2-(h?+2)
h
_ X +2xhan s - F
h
_2xh+h®  H(2x+h)
h h
h+0,

f'(h)=2x.

T d cosXx
19. Find —[———]
dx"cosx+sinx
d cosx ]
cosx+sinx

Sol: —[
_ (cos x+sin x):—x( cosx)—(cos x)%(cos x+sinx)

T dx
(cos x+5in x)2
_ (cosx+SsinX)( —sin x)—(cos x)(— Sin X+cos x)
(cos x+sin x)?
— sinx cos x—sin®x+sin x cos x—cos2x
= (cosx+sinx)2
—(sin’x +cos?x) -1

sin®x+cos?x+2sinxcosx 1+sin2x

20. Find the derivative of a* using first principles.

Sol : f(x) = a*
f(x+h) = a**h
From first principle
f(x-+h)~f(x)
h h
- i = X1 ‘—‘a 2! - x
Ll_:}é = a Il}l_]:% — =a Ina
21. Find the derivative of cos 2x using first
principles.
Sol : f(x) = cos 2x
f(x+h) = cos 2(x + h) =cos(2x + 2h)
From first principle
f(x-+h)~f(x)

h
cos(2x+2h)— cos 2x

f(x) = limp_o
a¥th_gx

£(x) = limy, g

=lhﬂhﬁn
2 . (2x+2h+2%) . (2x+2h)-2
=11m—[—251ntx ) N 7

h—-0h 2 2
(4x+2h) . 2h
— sin—

2 2]
¥ gy .
=—2|]11“I’I'IJE [sin(2x + h) sinh]

AT . r sinh]
= 2!}13}}[5111(2}( + h)|111_1;1(1) —_—

=-2sin(2x + 0) .1 =-2sin 2x

i L
——2|111_r+r(1);[sm

#5%

11. APPLICATION OF DIFFERENTIATION
1. If the increase in the side of a square is 2%.
Then the approximate percentage of increase in
its area.
Sol: Let x be the side of a square
2 X100=2
Area of square A = x?
= log A =log x* =2log x
~log A= 2log x = ~dA = 2.= dx
= 22 X100=22X100=2%2=4
~ Approximate percentage of increase in area is
4%.
2. Find dy and Ay of y=f(x) = x*+x at x=10 when
Ax=0.1
Sol: y=f(x) = x%+x ; x=10 ; Ax=0.1
i). Ay=f(x+Ax) — f(x)
= (X + AX)%+( x+Ax) —(x2+x)
=x? + 2xAx + (Ax)%+ x+Ax) —x2-x
= Ax(Ax+2x+1)=0.1(0.1+2(10)+1)=0.1(0.1+21)
=0.1(21.1)=2.11
ii)dy = f'(x) Ax =(2x+1)
Ax=[2(10)+1](0.1)=21(0.1)=2.1
3. Find Ay and dy for the functions y = e*+x when
x=5 and Ax=0.02
Sol:y = f(x) = e¥+x
i) Ay=f(x+Ax) —f(x)
= e¥ A%y (x+AX) —(e*+x)
= e5+002(5.0.02) —(e5+5)
=e%0240.02 —e® =e5(e%92 - 1)+ 0.02
ii) dy= F'(x) Ax = (e¥+1) Ax= (e5+1) (0.02)
4. Find the equations of the tangent and the
normal to the curve y = 5x* at the point(1,5).
Sol:y = 5x*
dy
===20x>
The slope of the tangent is m=(j—i),, =20(1)% = 20.
The equation of the tangent at P(1,5) is
y—5=20(x-1)
y =20x =15
The equation of the normal at P(1,5) is
-1
y=5=5;(x1)
20y - 100 = -x+1
20y =101 —x
5. Find the slope of the tangent to the curve y=x3-
x+1 at the point whose x coordinate is 2.
Sol:y = x%-x+1
L =3x21
-~ At x=2 slope of the tangent =3(2)?-1=12-1=11
6. Find the slope of the tangent to the curve
y=3x*-4x at x=4.
Sol:y = 3x*- 4x
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4 _ 19,3,
—=12x%-4

The slope of the tangent at x=4 is m= (%)x=4
=12(4)3- 4 = 12x64 — 4=768-4=764

7. Find the lengths of sub-tangent and sub-normal
at a point on the curve y = bsin E

. X
Sol:y = bsm;

d 1 X d b
Y bcosiom=2L=2¢osZ
dx a a dx a a

Length of sub-tangent = 372

X

SE

2% o tan?]
COS—

b
Length of sub-normal = |y1.m|— bsm;.z COSZ|
b2 .X x| |b? 2x
=[—2sin=.cos=|= —sm—
2a a a a
8. Find the lengths of normal and sub-normal of a
X -

point on the curvey = —(ea +ea)
x _

. ea+ea

X
Sol:y= (ea+ea)—a[

] =a cosh(—)

day . x\ 1 . x
R smh(a) == smh(a) =m

i). Length of normal =
|y1.\/1 + m2|= a cosh(%). ’1 + sinh2(§)|

=|a cosh(Z). cosh(5)|=|a cosh? )|
ii} Length of sub-normal =
|y1-2|=|a cosh(Z).sinn(Z)|

=[¢ 2 sinh(Z) cosh(H)|=[5 sinn(Z)|
9. Show that the curves y2 =4(x+1) and
y2 =36(9-x) intersect orthogonally.
Sol:  y?=4(x+1) ...(1)

y? =36(9-x) ....(2)

Solve eq(1) and eq(2)
4(x+1) = 36(9-x)
(x+1) = 9(9-x) =81 — 9x
10x =80 = x=8
Put x=8 in eq(1) y% = 4(x+1) =4(8+1)=
>y=16

~ Two curves intersect points P(6,6), Q(8,-6)
i)At P(8,6)

y2 =4(x+1)

2y%z4 :Z—i-% -(3)
Slope m; :(a)p(8,6) = g =

y? =36(9-x)

2y =362 = "718 ..(4)
Slope m, :(%)p(&é) = _718 =-3

At P(8,6) product of slopes (m4)(m;) =(§)( —-3)=-1

At P(8,6) curves intersect orthogonally.
ii)At P(8,-6)

QU
Q
NS

d
Slope my :(d_z)p(&—@ = s ==
y? =36(9-x)

2y =365 220

2= @)

dy -18
Slope m; =(E)p(8,—6) = —_6 =3

At P(8,-6) product of slopes (m;)(m,) =(— g)( 3)=-
At P(8,-6) curves intersect orthogonally.
10. Show that the curves 6x%-5x+2y=0 and

4x*+8y*=3 touch each other at(%, %).

Sol: First equation 6x2-5x+2y=0 ...(1)
Differentiating w.r.t x

12x-5 +2Q =0
dx

d
22X =5-12x
dx
dy 5-12x
dx 21
11 5-12() 5-6 -1
AtP(E,E)slope mq = > —T—T

Second equation 4x2+8y?=3 ..(2)

Differentiating w.r.t x
dy _
8x +16ydx =0
ay_ -ex _ -x

dx 16y - 2y
1

11 -7 -1 _ -1
At P(5, =) slope my == =—=—
(212) p 2 2% 2 2

1
—) , slopes are equal.
Substitute P(% %) ineq(1)
L2 5y, @ 6_5,1-6710+4
6(2)151(2) )_4 2 T 4
Substitute P(E' 5) in eq(Z)
1 1 4 8
4()*+8(3)* =3 =7+, -3=1+-2-3=0

~At P(%, %) two curves touch each other.

m;=m, at P(l

=0

11. If the tangent at any point on the curve

2 2 2
X /3 42°/3 =a /3 intersects the coordinate axes in
A and B, then show that length AB is constant.

2 2 2 .
Sol: x“/3 +2°/3 =a“/3 curve at point
P(acos®0, a sin36)
x=acos®0 and y = a sin®0

d i3 .2 .

. dy dy/do zg(@sin8)  a3sin“0(cos®) _ _sinf

" dx dx/de _%(acos?’e) a.3C0S20(-sin@)  cosé

At point P(acos38, a sin®6) slope m = - zlon:;

+ Equation for tangent at point P(acos36, a sin®8),
in@

slope - o0
Y- yi=m(x - xq)
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30 _ sin @ 3
-asin°6 =-——(x-ac
y-as COS9( acos°0)
(y-asin®8) cos @ = - sin f(x- acos>8)
(ycos 8 -asin36 cos @) =-xsinf +acos30 sin b
x sin 8+ ycos 8 = a sin®6 cos 6 + acos36 sin 6
= a sin @ cos 6( sin®0+cos?0)
=asinf cosf
X sin 8 ycos@
as}i{necose asin@cosf

acos@ asinf
~A=(a cos8,0), B=(0, a sinb)
~AB=/(a cos§ — 0)2 + (0 — a sin #)?
=vVaZcos?0 + aZsin?0 =,/a2(sin26 + cos20)
= a2 =a
~AB is constant proved.
12. Show that the curves x%+y? =2 and
3x2+y? =4x have a common tangent at the point (1,1).
Sol: First curve equation x2+y? =2 ..(1)
Differentiating w.r.t x

ax y
At P(1, 1) slope m; = _le—l

Second curve equation x2+y? =4x ...(2)
Differentiating w.r.t x

6x +2y3—z =4

3x +y% =2

dy 2-3x
oy
At P(1, 1) slope m, == _(igl) :_Tl =—
mi=m, at P(1, 1), slopes are equal.
Substitute P(1, 1) in eq(1)
x2+y? =2 = (1)%+(1)% =2
Substitute P(1, 1) in eq(2)
(1)?+(1)* =4(1)
~Itis proved that the two curves having common
tangent.
13. Find the equation of tangent and normal to
the curve y = x3+4x? at (-1,3)
Sol: y=x3+4x2
Differentiating w.r.t x

d
&Y - 3x248x
dx

At P(-1,3) slope m=3(—1)?+8(-1)=3-8=-5

At P(-1,3) slope m=-5 equation of tangent is
Y - 1= m(X - Xq)
y-3=-5(x—(-1)) =-5x-5
S5x+y+2=0

At P(-1,3) slope equation of normal is

1
Y-VY1= “n—l(x - X1)

N A
y-3—-(_5)(x (-1))

y-3= %(x +1)

5y-15=x+1

x-5y+16=0
14. Show that the length of the sub normal at any
point on the curve y? =4ax is a constant.
Sol:  y?=4ax

dy
Qy—==
ydx 4a
dy _ta_za
dx 2y y

Length of the sub normal at P = |y;.m|=|2a|, a
constant.

15. Show that the length of the sub tangent at any
point on the curve y? = 4ax is a constant.

Sol:  y?=dax =y=Vdax

dy
2y—=4
ydx 4
dy 4a _2a
dx _2y - ¥y

_ vdax _

S=—z=

2%

Length of sub-tangent = -

16. A particle is moving in a straight line, so that
after t seconds its distance is from a fined point on
the line is given by s=f(t)=8t+t3 find
i) The velocity at time t =2sec
ii) The initial velocity
iii) Acceleration at t=2sec.
Sol: S=f(t) =8t+t3
Velocity v=%= 8+3t?
i) The velocity at time t =2sec

V=8+3(2)? =8+12 =20 M/cq.
ii) The initial velocity t=0

V=8+3(0)? =8+0 =8 M/gq.
dv
iii) T =6t
Acceleration at t=2sec; 6(2) =12 m/Secz
17. A particle moving along a straight line has the
relation S=t3+2t+3 connecting the distance”s’
described by the particle in time t. Find the
velocity and acceleration of the particle at t=4
seconds.

Sol: S=t3+2t+3
Velocity v=§ =3t%+2
i)velocity at t=4 sec

v=3t2+2=3(4)%+2=48+8=56 Wnit/
ii) Acceleration a =% =6t

Acceleration at t=4 sec.
- —24unit
=6(4) =24 /Sec2
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18. The distance — time formula for the motion of

a particle along a straight line is S = t3-9t%+24t-18.

Find when and where the velocity is zero.
Sol: S = t3-9t2+24t-18
Velocity v=$ =3t2-18t+24=t2-6t+8
Velocity is zero = t2-6t+8=0

(t-2)(t-4)=0

t=2;t=4

Satt=2=(2)3-9(2)%+24(2)-18=8-36+48-18=2 units.

S at t=4 =(4)3-9(4)?+24(4)-18

=64 -144+496 -18=-2 units.
19. Find the equation of tangent and normal to
the curve of y=x*-6x3+13x2-10x+5 at (0,5). (model)
Sol:  y=x*6x3+13x2-10x+5

2 = 4x3-18x7+26x-10
At x=0, slope m=4(0)3-18(0)%+26(0)-10=-10
-~ Equation of tangent y - y; = m(x - x;)

y-5=-10(x - 0) =-10x

10x+y-5=0
1 1 1
Slope of normal = - e T
~ Equation of normal vy -y;=my(x-x)
1
y-5=;(x-0)
10y-50=x
X-10y+50=0

%% %%

12.LOCUS
SHORT ANSWER QUESTIONS
1. Find the equation of locus of a point P, if the
distance of P from A(3,0) is twice the distance of P
from B(-3,0)
Sol: Let P(x,y) be the point in the locus
Given condition is PA =2PB
Vx =32+ (y = 0)2 =2/ (x +3)2 + (y — 0)?
X249 — 6x + y? =4(x2+9 + 6x + y?)= 4x?+36 + 24x
+4y?

3x2+ 3y2+30x + 27=0

Equation of locus is x2%+ y2+10x + 9=0

2. Find the equation of a point which is at a

distance from A(4,-3).

Sol: Let P(x,,y1) be point in the locus

Let A(4,3)

Given condition is PA =/(x; — 4)2 + (v, + 3)2
=x,2-8x,+16 +y, 2+6y,+9
= x,2+y,2-8x,+6y,+25=0

The equation to the locus of P is

x2+y2-8x+6y+25=0

3. Find the equation of locus of a point which

equidistant from the points A(-3,2) and B(0,4).

Sol: Let A(-3,2) ; B(0,4).

Let P(x,y) be point in the locus.

Given condition is PA=PB

=>PBZ=(x+3)2+ (y—2)2=(x—0)? + (y — 4)?

= x24+6x+9+y2-4y+4 =x2+y2-8y+16

Equation of locus is 6x+4y-3=0

4. Find the equation of locus of a point P, such

that the distance of P from the origin is twice the

distance of P from A(1,2).

Sol: Let P(x,y) be point in the locus, origin 0(0,0),

A(1,2) be the given point.

Given condition is PO =2PA

PO? =4PA?

(x=0)*+ (y —0)* =4[ (x = D* + (y — 2)*]

x2+y? = 4[x2- 2x+1+y?-4y+4]

3x2+3y2-8x-16y+20 = 0

~The equation to the locus of P is

3x2+3y2-8x-16y+20 = 0

5. Find the equation of locus of a point P, the

square of whose distance from the origin is 4

times its y-coordinate.

Sol: Let P(x,y) be point in the locus.

Given PO? =4y

(x = 0)? + (y — 0)*=4y

x2+y? =4y > x%+y? - 4y=0

~The equation to the locus of P is x2+y? - 4y=0

6. Find the equation of locus of a point, such that

PA2+PB2=2¢? where A=(a,0), B(-a,0) and

o< |al < |c|
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Sol: Let P(x,y) be the point in the locus

Given condition is PAZ+PB2=2c2

(x—a)?+ (y—0)2+(x+a)? + (y— 0)%=2c?
x2-2ax+a’+y?+x%+a?+2ax +y?=2c?
2x%+2y%+2a%=2c?

x2+y?=c?-a®

~The equation to the locus of P is x?+y?=c?-a
Essay type questions

7. Find the equation of locus P, if the line segment
joining(2,3) and (-1,5) subtends a right angle at P.
Sol: Let P =(x,y) and A(2,3), B(-1,5) be the given
points.

Given condition is LAPB=90°

PA%+PB2=AB?

=22+ @ =32+ @+ 1)+ (¥ —5)2=(-1-2) + (5 - 3)*
x2-Ax+4+y2-6y+9+x2+1+2x +y2-10y+25 = 9+4
2x2+2y2%-2x- 16y +26 = 0

x2+y2-x-8y +13=0

~ The locus of P is x%+y2-x- 8y +13 =0

8. Find the equation of the locus of P,if A=(4,0);
B=(-4,0) and |PA — PB|=4

Sol: Let P=(x,y)

Given condition is |PA — PB|=4

PA=+4+PB

PA2=16+PB? +8PB

PA%-PB2-16 =+8PB
x—4)2+(y—0)72-[x+4)?+ (y—0)*]-16=
18/ (x+4)2 + (y — 0)2

x2-8x+16+y%-x2-8x -16-y2-16= 18,/ (x + 4)2 + y2
-16(x+1)= £8/ (x + 4)% + y2

2(x+1)= £/ (x + 4)2 + y2

A(x2+2x+1) = x2+8x+16+y?

3x2-y? =12

= The locus of P is 3x2-y2 =12

9. Find the equation of the locus of P, if A =(2,3),
B=(2,-3) and |PA + PB|=8

Sol: Let P=(x,y)

Given condition is |PA + PB|=8

PA= 8-PB

PA2= (8§ — PB)?

PA%= 64+PB2-16PB

16PB-64+PB2-PA?

16PB-64+[(x — 2)2+ (y + 3)?]- [ (x — 2)2 + (y — 3)%]
16PB-64+(y + 3)% - (y — 3)?

16PB-64+4(3)y =16PB-4(16+3y)

4PB - (16+3y)

Squaring on both sides

16PB? =(16 + 3y)?

16[(x — 2)% + (y + 3)?1=(16 + 3y)*
16[x2-4x+4+y?+6y+9] = 256+96y+9y?
16x2-64x+64+16y2+96y+144] — 256 - 96y - 9y2 =0
16x2%+7y2-64x-48=0

2

~The equation to the locus of P is
16x%+7y?%-64x-48=0
10. A(5,3) and B(3,-2) are two fixed points. Find
the equation of the locus of P. So that the area of
triangle is 9.
Sol: Let P(x,y)
Given condition is Area of APAB =9
[(x =5 +2)— @ —3)(x—3)=2(9)
[xy +2x -5y —10—(xy — 3y —3x+9)| =18
[5x —2y — 19| =18
5x—2y—19=+418
5x—2y—19=18 or5x — 2y — 19=-18
5x -2y -37=0 or 5x-2y-1=0
~The equation to the locus of P is
(5% -2y -37)(5x-2y-1)=0
11. If the distance from P to the points (2,3) and
(2,-3) are in the ratio 2:3, then find the equation
of the locus of P.
Sol: Let point P(x,y), A=(2,3) B=(2,-3)
PA:PB=2:3
3PA=2PB
9PA? =4PB?
O(x—2)* + (y — 3)*1=4[(x — 2)* + (v + 3)?]
9[x2-4x+4+y2-6y+9] = 4[x2-4x+4+y? +6y+9]
~The equation to the locus of P is
5x2+5y2- 20x - 78y+65=0
12. A(1,2), B(2,-3) and C(-2,3) are three points, a
point P moves such that PA2+PB2=2P(C2. Show
that the equation of the locus of P is 7x-7y+4=0.
Sol: Points A=(1,2), B=(2,-3) and C=(-2,3)
PAZ+PB2=2P(C?
[x=1D2+ (= 2)%+ (x—2)* + (y + 3)*]
=2[(x +2)* + (y — 3)?]
[x2-2x+1+y2-4y+4]+[ x2-4x+4+y? +6y+9]
= 2[x2+4x+4+y?-6y+9]
2x24+2y2-6x+2y+18=2x2+2y%+8x-12y+26
14x-14y+8=0
7x-7y+4=0
~P(x,y) locus of P is 7x-7y+4=0.

¢ ok ok ok %k
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13. TRANSFORMATION OF AXES (iiif) Here (x,y) =(0,0), angle of rotation 6=30°, then
Short answer questions X=xcos0 +ysin®
1. When the origin is shifted to (-2,3) by =0+0=0
transformation of axes let us find the co-ordinate Y=xsin0 + ycos6
of (1,2) w.r.t new axes. =0+0=0
Sol: Let (x,y) be the original co-ordinates of (X,Y) ~ The new coordinates (X,Y)=(0,0)
Let (X,Y) be the new co-ordinates of (1,2) 6. When the axes are rotated through an angle
2 1=X-2;2=Y+3 60°. Find the original co-ordinates of (3,4),(-7,2)
=X=3;Y=-1 and (2,0).
-~ The new co-ordinates of (1,2) are (3,-1) Sol: i) Here (x,y) =(3,4), angle of rotation 8=60°,
2. When the origin is shifted to (2,3) by translation then X=xcos®—ysin0
of axes, the co-ordinates of a point P are changed =3cos 60° - 4 sin 60°
as (4,-3). Find the co-ordinates of P in the original -3 1 4.ﬁ _3-43
system. 2 2 2

Y=xsin® +ycos0O
=3 sin 60° +4 cos 60°

(xy) =(4,3)
X=x+h=4+2=6 =3£ +4.2 = WE; :

Y=y+k=-3+3=0
~ Original coordinates =(6,0)
3. Find the point to which the origin is to be shifted. So

Sol: Let (X,Y) be th eoriginal coordinates of

~The original coordinates P(X,Y) = (3 4\/_ 4+32\/—

ii) Here (x,y) =(-7,2), angle of rotation 9 60°, then

)

that the point(3,0) may change to (2,-3). X=xcos0 —ysinB

Sol: Let P(h,k) be the point to which the origin is to =-7c0s 60° - 2 sin 60°
be shifted. =_7'1_2_\/_§=—7—2x/§
3=2+h; 0=-3+k Y =x sizn 0 +2y cos 92
el ks =-7 sin 60° +2 cos 60°
P=(1,3) V3 1 —7\/§+ 2
4. Find the point to which the origin is to be =l +2.0=

~The original coordinates Q(X Y)= ( 2\/_ 2= 72\/_

iii) Here (x,y) =(2,0), angle of rotation 8 60°, then
X=xcosO —ysinBO

shifted so as to remove the first degree terms

from the equation 4x%+9y?- 8x+36y+4=0

Sol: Comparing the given equation with
ax2+by?+ 2gx+2fy+c=0

)

43249y2- Bx+36y+4-0 =2c0s60°-0 =2.2=1
We get a=4; b=9; g=-4; f=18; c=4 Y=xsin0+ycos0
Required point = (= ’b) =(—— ( 2 £)=(1,-2) =2sin60°+0 =2.\/?§ =3
5. When the axes are rotated through an angle 30°. ~The original coordinates R(X,Y) = (1, V3)
Find the new coordinates of (0,5),(-2,4) and (0,0). 7. Find the angle through which the axes are to be
Sol: (i) Here (x,y) =(0,5), angle of rotation 6=30°, rotated so as to remove the xy term in the

then equation xZ + 4xy - y*- 2x +2y -6 = 0.

X=xcose+ysin8 SoI:SoI:x2+4xy-y2—2x+2y—6=0.

: o_c1_5 . . . .
=0+5sin30°=5.0=> Comparing the given equation with
Y=xsin®+ycos0 ax? + 2hxy + by?+ 2gx +2fy +c=0
=O+5cos30°:5\/—§:i§ Weget,a=1;b=-1;h=2
2 2 5 543 Required angle of rotation is
. The new coordinates (X,Y) = (= > =) _1l, —1p2hy 1 ! 2(2)
2 © 2 tan (a+b) (1+( 1))

(i) Here (x,y) =(-2,4), angle of rotation 6= 30", then 1, 4 17w _m
X=xcos0 +ysin0 Span t e gy
V3,1 2.3 Essay type questions

=-2c05 30°+4 5in 30° =-2. S-+4.5= 8. When the origin is shifted to the point(2,3), the

Y=-X Sin_e +ycos6 transformed equation of a curve is
= '(1'2) sin30° +4 cos 30 x?% +3xy - 2y*+ 17x -7y — 11 = 0. Find the original
=2+ 2v/3 =1+ 2V3 equation of the curve.
~The new coordlnates XY)=(2-v3,1+ 2vV3) Sol: Given transformed equation of a curve is
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x2 +3xy-2y2+17x-7y—-11=0 ..(1)
Let new point (h,k) =(2,3)

X=x-h H Y=y—k
=x-2 : =y—-3
From eq (1)
(x — 2)% +3(x-2)(y-3) - 2(y — 3)?+17(x-2) -7(y-3)-11=0

x2 +4 -2x+ 3(xy -3x-2y+6)- 2(y2+9-6y)+ 17x -34 -7y +21- 11=0
X2+ 4 -2x +3xy -9x -6y +18 -2y2-18+12y +17x -34 -7y +21- 11=0
~The original equation of the curve is

x2 +3xy-2y?+4x-y-20=0

9. When the origin is shifted to (-1,2) by the
translation of axes, find the transformed equation
tox2+y2+2x-4y+1=0.

Sol: Given equation x2 + y2 + 2x -4y +1=0..(1)
New point (h,k) = (-1,2)

X=x+h : Y=y+k
=X+ (-1)=x-1 ; =y+2
From eq (1)

(x—1)2+(y +2)% +2(x-1) - 4(y+2)+1 =0
x% -2x+1+ y 2 +4y+4+2x-2-4y-8+1=0
~The transformed equation of the curve is
x?+y%4=0.
10. When the axes are rotated through an angle
45°, Find the original equation of the curve
17x% -16xy + 17y? = 225
Sol: Given equation is 17x2 -16xy + 17y2 = 225 ...(1)
rotated through an angle 45°
X=xcos8 +ysinH
x+y

=xcos 45° +y sin 45° = XT+ny N

Y=y cosO-xsinb

o : o_ i _ —
=y cos45°-xsin 45 V5 XFT R
From eq (1)
17(’(”)2 16(X+y)(y;) 17(u)2 225

rx +y +2xy] x? +y —2Xy

17[ 5 —16[ ] 17] 1=225
17x2+ 17y2+34xy—16y2+16x +17x2 +17y —34xy

> ]1=225
50x% + 18 y2 =2(225) = 25x2 + 9 y% =225

11. When the axes are rotated through an angle %. Find
the transformed equation 3x2 +10xy +3y% =9

Sol:  =—=45°

X:xcose ysin @

_ o_ ; oy L. 1 Xy
=xcos 45° -y sin 45 XEYVEEg

Y=ycosB+xsinb

= ° oyl ;L _¥HX
=y cos 45° + x sin 45 -y\/_+x\/_ 7

~The transformed equation is
3G +105D () + 3G =9

3[x +y2 ny] n 10[x Zy ]+3[x +y2+2xy] =9

3x% + 3y% —6xy + 10x% — 10y? + 3x% + 3y? + 6xy] =
16x%2 —4y2-18=0

~The transformed equation is 8x* —2y2-9=0

14. STRAIGHT LINES
Short answer questions.
1.Find the equation of straight line joining through
the point(2,3) and making non-zero intercept on
the co-ordinate axes whose sum is zero.
Sol: Let te intercepts be a,-a (a#0)
~ Equation to the line is g + _La =1
xy=a..(1)
eq(1) passing through (2,3)
2-3=a=a=-1
~ Required line is x-y+1=0
2. Find the value of x, if the slope of the line
passing through (2,5) and (x,3) is 2.
Sol: Slope of the line passing through (2,5), (x,3) is
_Y2¥1_375_ 2
Xp_Xq X—2 X-—2

Given slope m=2
-2

X—2 B
x2=—=-1
2
x=-1+2=1

3. Find the value of y if the line joining the points
(3,¥),(2,7) is parallel to the line joining the points
(-1,4) (0,6).
Sol: Slope of line joining points (3,y),{2,7) is

y-7

m; = = 2—y7

Slope of line joining points (-1,4) (0,6) is
4—6
=2
-1-0
Lines are parallel = m;=m,
y-7=2=y=9
4. Find the equation of straight line which makes

my=

an angle of % with x-axis and passing through the
points (0,0)
Sol: Slope of straight line 8 =%
m = tan% =tan45°=1
Equation of a line is y-y1 = m(x-x4)
y-0 = 1(x-0)
Yy =X
5. Show that the points (-5,1)(5,5)(10,7) are
collinear
Sol: Let A(-5 1) B(S 5), C(10,7)

Y2-¥1 _ i —t 2
Slope of AB = Yt (- 103
7-1 6
Slope of AC = 22221 = —==

X%, 10-(-5) 15 5
Slope of AB = Slope of AC

~A,B,C are collinear.

6. Find the sum of the squares of the
intercepts of the line 4x-3y=12 on the
coordinate axes.

Sol: Given line is 4x-3y =12
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4x 3y _
12 12 B
LY _
3 (—4)

Sum of the squares of the intercepts is (3)?
+(—4)? =9+16=25
7. Find the equation of straight line which
makes an angle of a = 150°with x-axis and
passing through (1,2).
Sol: Slope y - y1 = m{x-x,)
Angle of straight line 8=150°

m = tan § = tan 150° =tan(180° - 30°)

o L
) =-tan 30° = NG
Point(1,2), slope = - NG passing straight line
1
y-2=-7x1)
V3(y-2) = - x+1

x+V/3y - (2v/3+1) =0
8.Transform the straight line 4x -3y + 12 = 0 into
a) slope — intercept form  b) Intercept form
¢) normal form
Sol: a) Given equationis4x—3y+12=0
3y =4x+12
y= %x +4
Which is slope-intercept form
b) Given equationis 4x—3y+12=0

—4x 3
o4x 3y
12 12
X

Z +2=1 which is the
-3 4

intercept form
¢) Given equationis 4x—3y+12=0

-Ax+3y=12
-4 3 12
\/12+32 Xt TEa Y T Ve

=X+ g y=+ which is perpendicular form.
9. Find the ratios in which i) x-axis and ii) y-axis divide
the line segment AB joining A(2,-3) & B(3,-6)
Sol: i)X-axis divides 4B in the ratio
—Y1:Y,=+3:-6=1:-2
ii) y-axis divides AB in the ratio—x;: %, =-2:3
10. Find the value of K if the lines 2x-3y+K=0, 3x-
4y+13=0 and 8x-11y+33=0 are concurrent.
Sol: The given lines are

2x-3y+K=0 ...(1),

3x-4y+13=0 ...(2),

8x-11y+33=0 ..(3)
If (h,k) be the point of inter section of (2) and (3)
then

3h-4k+13=0

8h-11k+33=0

24h-32k+104=0 eq(2)X8

24h-33k+99=0 eq(3) x3

K+5=0

K=-5
Substitute k=-5 in 3g(2)
3h-4(-5)+13=0
3h+20+13=0

h=—"2=-11
3

Since three line are concurrent, the point(-11,-5)
should satisfy the eq(1)
22(-11)-3(-5)+K=0

-22+15+k=0 = K=7
11. Find the angle between straight line y=4-2x;
y=3x+7

Sol: cos 8 = aia,+biby _ 2.3+1.(—1)
' 22+412)(32+(-1)2
\/(a12+b12)(a22+b22) J( )@E%+(-1)%)
TVE10 VB0 V2 V2 4
=0 =§

12. Find the length of perpendicular drawn from
the point {-2,-3) to the straight line 5x-2y+4=0.
Sol: length of perpendicular from the point P(xg,yo )
to the straight line ax +by + ¢ =0is
axo+bygtc| _|5(—2)+(—2)(—3)+4 _|~10+6.+4]
vazebz | | /s2x¢=2z || V254 |7
13. Find the distance between parallel lines
3x-4y =12 and 3x-4y =7
Sol: Given lines 3x-4y =12 and 3x-4y =7
3x-4y -12 =0 and 3x-4y — 7=0
Distance between parallel lines is =
c1=¢ |_(=12)-(-7) _ =5 _ 1

Vaz+b2l  +32+42 5
14. Find the value of p if the straight lines
3x+7y-1=0 and 7x-py+3=0 are mutually
perpendicular.
Sol: Given lines are perpendicular

3(7)+7(-p)=0

21=7p =p =3
15. Find the foot of the perpendicular drawn from
(4, 1) upon the straight line 3x —4 y +12 =0.
Sol: Let foot of the perpendicular drawn from (4,1)
is (h,k)
Given point (x4,y1) = (4,1)

3x —4 y+12 = 0. Compare with ax+by+c=0

A=3; b=-4; c=12
Equation for foot of perpendicular is

h—x, _k-y, _—(ax;+by,+c)

a b a2+b2
h=4 _k=1_ ~(B@)+(-4)(D)+12)

3 -4 324(—4)2
hod_kol_Z(2-a412) 20 -4
3 -4 9+16 25 5

bt 2t o5h20=-12
3 5 .
5h=20-12=8 >h =2
k1% sk5-16
4 5
5h=16+5 = 21 =h = 2=

5
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Foot of the perpendicular (h,k) =(§, %)

16. Find the image the point(1,2) is the straight
line 3x+4y-1=0.

Sol: Let image is (h,k), (1,2)
(X1:Y1) = (1/2)
3x+4y-1=0
3x+4y-1=0
#78; b= =il (h,k)
h=x; _k-y; _ —2(axy+by;+c)
b a?+b?
h=1 k-2 _-23M)+#)(2)-1)
3 a4 3%+(2)2
h-t_k-2_-2(3+8-1) -20_ -4
h31_ 4 T o+16 25 5
——=—=5h-5=-12
3 5 _
5h= '12 +5=-7 ﬂh = ?
k22 5k-10=-16
4 5 .
Sk=-16 +10=-6 >k = —

~Image of point(1,2) is :(—?7, _?6)

17. Find the foot of the perpendicular drawn from
the point(3,0) on to the line 4x+12y-41=0

Sol: If (h,k) be the foot of the perpendicular

from(3,0) to the line 4x+12y-41=0, then
h-x; k-y, —(ax;+by,+c)

a b a2+b2
h—=3 _ k-0 _ —-(4(3)+(12)(0)—41)
4 12 T 424(12)?2
h-3_k _-(12-41) _ 29
4 12 16+144 160
h3_ 2% 160h-480=116
4 160 o
160h=116+480 = 596 =h = 0
£ -2 5160k =348
12 160
348 _87
160 40
149 87

Foot of the perpendicular (h,k) = (E' T
18. If the straight lines ax +by +c=0, bx +cy +a=0,
cx + ay +b=0 are concurrent, then prove that
a®+b3+c3=3abc
Sol: The given lines are concurrent
Let P(a+f3) be the point of concurrence, then

aa+bf+c=0 ...(1)

ba+cf+a=0 ...(2)

ca+aff+b=0 ...(3)
By solving eq(1) and eq(2)

aba+b?f+bc=0 ..(1)

aba+acf+a?=0 ...(2)

_ bc?-a*c—ab?+a’c
(b2-ac)

_ bc?-ab?
~ (b%2-ac)

_c*-ab
“(b?-ac)
a, § values substitute in eq(3)
ca+aff+b=0
c?—ab a?-bc
¢ 7m0 +a.(b2_ac):b=0
c® — abc+a® — abc +b3 — abc=0
& ad+b3+c3=3abc
19. Find the equation of the line which passes
through(0,0) and the point of intersection of the
lines x+y+1=0 and 2x-y+5=0.
Sol: If P(a+f) be the point of intersection of the
lines 2x-y+5=0; x+y+1=0
2a-B+5=0
a f c
15 2 -1
11 1 1

By the method of cross multiplication
a B 1 1

a+f+1=0

-1-5 5-2 3+2 5

20. Show that the distance of the point(6,-2) from
the line 4x+3y=12 is half the distance of the
point(3,4) from the line (4x-3y=12).
Sol: Equation of ABis 4x+3y - 12=0

PQ = Length of the perpendicular

from p_ [24-6-12] ¢

VI6t9 5
Equationof CDis4x -3y —-12=0
RS = Length of the perpendicular
from p_ 12712712 12

VI16+9 5
~PQ= 3RS
21.Transform the equation of the line x+y+2=0
into i)slope-intercept form ii) intercept form
ili) normal form

Sol: x+y+2=0
i)Slope intercept form y = mx+c
y=-x-2
i) Intercept form E% =1
—iz + _12 =1

iii)Normal form
Given equation x+y+2=0

(b?-ac)p =a?-bc X+y:._2
2 be Divide with VaZ? + b% =v/2 on both sides

ﬁ = (b2%-ac)
ba+cf+a=0 % + lz =2

a’-bc T iy o
ba+cm+a-0 xcos_+ysinz= 2
ba= bc?-a’c HHHH

(b%-ac)
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15. PAIR OF STRAIGHT LINES
Essay type questions
1.Find the acute angle between the pair of lines
represented x2-7xy+12y*=0
Sol: Given line x2-7xy+12y2=0
Compare with ax?+2hxy+by?=0
2Vh%2-ab

tan 6 =
a;b
A=1; b=12; h=- 3

2 (- 22-(1)(12)
+

tan 0 =+
1+12

49
2512 %/39-38 1
* =+ =t
T 13 13
Acute angle 6 = tan'l(ﬁ)

2. Find the centroid and area of a triangle formed
by the lines Zyz- Xy - 6x% = 0; x+y+4 =0
Sol: 2y2-xy-6x2=0 ...(1)

x+y+4 =0 we(2)

y =-(x+4) ...(3)

substitute y value in eq(1)
2[—(x + 4)]?%- x[-(x+4)] - 6x% =0
2[x2+8x+16] +x2+4x - 6x2 =0
2x2+16x+32 +x2+4x-6x2=0
-3x2+20x+32 =0
3x2-20x-32=0
3x2-24x+4x-32 =0
3x(x-8)+4x-32=0
(3x+4)(x-8) =0

4
X=—=-o0r8
3

Substitute x= — % in eq(3)

3 —4+12 8
=5 =
~Point A-[——, = §]
3 3
x = 8 substitute in eq(3)
y=-(8+4)=-12
Point B=[8, - 12]

2y%-xy-6x2=0 cutat O(O 0)

y =-(x+4) =

+8 0— ——12

~Centroid ofAOAB—[ o
—4424 —8-36. 20 —44
= 3@) " 30) 1= (— —)

Area of AOAB =5 |51V — X2¥1 ] =

A=) - (=5 o)

_1]48 , 64
_2 3 3

112
| | —square units

3. Find the equation of pair of lines intersecting at
(2,-1) and perpendicular to the pair of line
6x%-13xy-5y%=0.

Sol: Equation to the pair of lines perpendicular to
6x2-13xy-5y2=0 and passing through (2,-1) is

5(x — 2)2-13(x-2)(y+1)+6(y + 1)%=0
-5[x2-4x+4]-13[xy+x-2y-2]+6[y?+2y+1]=0
-5x2+20x-20-13xy-13x+26y+26+6y 2 +12y+6=0
-5x2+20x-20-13xy-13x+26y+26+6y2+12y+6=0
-5x2+13xy+6y2+33x-14y-40=0
5x2-13xy- 6y2-33x+14y+40=0
4, Find the equation of pair of lines intersecting at
(2,-1) and perpendicular to the pair of line
6x2-13xy-5y°=0.
Sol: Equation to the pair of lines perpendicular to
6x2-13xy-5y2=0 and passing through (2,-1) is
X=x-2, Y=y+1
6(x — 2)2-13(x-2)(y+1)-5(y + 1)%=0
6[x2-4x+4]-13[xy+x-2y-2] - 5[y2+2y+1]=0
6x2-24x+24-13xy-13x+26y+26 -5y2-10y-5=0
6x2-13xy-5y2-37x+16y+45=0
5. Find the combined equation of pair of bisectors
of the angle between the pair of straight lines
represented by 6x%-11xy+3y?=0
Sol: Given 6x2-11xy+3y2=0
Comparing with ax?+2hxy+by?=0
a=6; b=3; h:—Tll

Combined equation of pair of bisectors
h(x2-y?)=(a-b)xy
-11

— (x?-y%)=(6-3)xy
11x +6xy+11y2=0
6. Show that the equation 2x2-13xy-7y%+x+23y-6=0
represents a pair of straight lines and also find the
angle between and the coordinates of the point of
intersection of lines.
Sol: Given equation is 2x2—13xy—7y2+x+23y—6=0
Comparing the given equation with
ax2+2hxy+by? +2gx+2fy+c-
we get a=2; h—— b=-7; g— f— ; C=-6
Now abc +2fgh af2 bg?- ch2
=2)(7)-6)+22) N =D-25)(7) §)*-(-6) ()?

4299 1058 7 1014—

4 4— 4
336 299— 1058+7+1014_

1914>0>h2>ab

= () 2)(7
g?-ac= (—)2- (2)(-6) ——+12 >0= g?>ac
fbe= (D)?(7)(-6)=22-42>0= f2 > be
Given equat|on represents a pair of lines

hf—-b h—a
Point of intersection = ( ]; hg' “Zb hj;)
F)®E)-72 ()E)-0

2
@EN-EGH2 T @E7)- (13)2)

=
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B0 (e

169,72 169. )

C19)-) 19)-(D)

(—299+14- —-13—92)
" '-56-169’ —56—169
(—285 —105) (19 7)
—225" —225 15’ 15
If © is the acute angle between the lines
|a+Db]|
c0s 0= —————=
J(@=Db)2+4h?

[2—7| _ 5
\/(2+7)2+4(—713)2 \/81+169
5 &5 1

v250 5v10 10

1

0 =cos (=
)

7. Show that the equation
8x2 - 24xy + 18y2- 6x + 9y - 5 = 0 represents a pair
of parallel lines and find the distance between
them.
Sol: Given equation is 8x2 - 24xy + 18y2%- 6x+9y-5=0
Comparing with ax2+2hxy+by?+2gx+2fy+c=0
we get a=8; h=—12; b= 18; g=—3; fzg; c=-5
A = abc +2fgh -af 2- bg?- ch?
= 8(18)(-5) +2(3)(-3)(-12) -8(3)? - 18(—3)? - (-5)(~12)?
=-720+324-162-162+720=0
2-ab =(—12)2-(8)(18) = 144-144=0= h? = ab
g ac—( 3)%-(8)(-5) = 9+40>O:»g > ac
f2- -be= (5 2)2(18)(- 5)_ 1190 >0= f2 > be
Since A = O, h? =ab, g2 > acand f2 > bc the given
equation represents a pair of parallel lines.

The distance between the parallel lines =2 /g(—+b)
o [(=3)2-8(=5) . [9+40
'2\/ 8(8+18) —2\/8(26)

49 2x7 7

8. Show that the lines joining the origin to the
points of inter section of curve
x? - xy + y*+ 3x + 3y - 2 = 0 and the straight line x-
y-V2 =0 are normally perpendicular.
Sol: Given curve is x2 - xy + 2+ 3x+3y-2=0 ..(1)
Given is x-y-\/f =0
x-y
TEFZZl"(Z)
Let A and B be the points of intersection of eq(1)
and eq(2).
The combined equation of OA and OB is
x2 - xy + y2+ (3x + 3y)( =2 ) 2( )2
V2x2 2 xy + 22+ 3x2 - 3y -/2x2 +\/—y +/2xy=0

3x2-3y%=0

In the above equation co-efficient of x2 +
co-efficient of y2=0

~ The lines are mutually perpendicular.

9. Find the values of K. If the lines joining the
origin to the points of intersection of the curve
2x% -2 xy + 3y%+ 2x -y - 1 = 0 and the lines x+2y+K

are mutually perpendicular.

x+2y -1

Let A,B be the points of intersection of the given
line and the given curve.
The combined equation OA and OB is
2x% -2 xy + 3y2%+ (2x - y)( x+2y) (XJ;(Zy)2 =0
K2(2x2 -2 xy + 3y?)+K(2x2 +-3 xy - Zyz) —(x2% +4 xy + 4y?) =0
(2KZ+2K-1)x2-(2K2-3K+4)xy +(3K2-2K-4)y? =0

T
LAOB = 5

co-efficient of x? + co-efficient of y2=0
2K?+2K-1+3K?-2K-4=0

5K2-5=0

K?=1=K=+1

10. Find the angle between the lines joining the
origin to the points of intersection of the curve
7x% -4 xy + 8y*+ 2x - 4y - 8 = 0 with the straight
line 3x-y=2.

Sol: The given equation is x+2y=K =

3xy1

Let A,B be the points of intersection of the give line
and the given curve.

The combined equation of OA and OB is

72% -4 xy + 8%+ 2(x - 2y)( =) —8(22) 2= 0

7x% -4 xy + 8y?+3x? -xy-6xy+2y -18x +12xy—2y2=0
-8x2 +xy +8y? =0

co-efficient of x2 + co-efficient of y2=0

=-8+8=0

LAOB = =
T2

Sol: The given line equation is 3x-y=2 =

The required angle 9=§
11. Find the condition for the lines joining the
origin to the points of intersection of the circle
x%+y?=a? and the line Ix+my=1 to coincide.
Sol: The combined equation of OA and OB is
x2+y2-a?(Ix + my)?=0
(1-a?1%)x%+(1-a?>m?)y?-2aImxy=0
x2+y?-a?12x%-a’?m?y?- 2a®Imxy=0
Given the lines are mutually perpendicular
co-efficient of x? + co-efficient of y2=0
1-a?1?+1-a*m?=0
a?(l?+m?)=2

% &
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16. THREE DIMENSIONAL COORDINATES
Short Answer questions.
1.Find x if the distance between (5,-1,7) and
(x,5,1) is 9 units.
Sol: Let A(5,-1,7); B(x,5,1)
Given AB=9
(5 —x)?+(—1 —5)2+(7 — 1)? =AB? =92
25+x2-10x+36+36 = 81
x2-10x+16=0
(x-8)(x-2)=0 =>x=8 or 2
2. Show that the points (2,3,5) (-1,5,-1) and
(4,-3,2) form a straight angled isosceles triangle.
Sol: Lat A(2,3,5); B(-1,5-1); C(4,-3,2)
AB=\/(2 + 1)2 + (3 —5)2 + (5 + 1)2
=9+ 4T36=V49=7
BC=\/(-1—4)2+ (5+3)2 + (-1 —2)2
=\/25 + 64 +9=98=7V2
CA=/(4—2)2 + (-3 —-3)2+ (2 —5)2
=V4+36+9=v49=7
AB=AC = AABC is isosceles
AB2+AC? =49+49=98=B(?
AABC is right angled
~ AABC s right angled isosceles triangle.
3. Show that the points (1,2,3) (2,3,1) and (3,1,2)
form an equilateral triangle.
Sol: Let A=(1,2,3); B=(2,3,1) and C=(3,1,2)
AB=\/(1-2)2+(2-3)2+(3-1)2=V1+1+4
-V6
BC=y/(2—-32+B-12+(1-2)2=V1+4+1
-6
CA=(3—1)2+(2—-1)2+(2—4)2 =4+ 1+1
-6

AB=BC=CA=V6
~ AABCis an equilateral triangle
4. Show that the points (1,2,3) (7,0,1) and (-2,3,4)
are collinear.
Sol: Let A=(1,2,3); B=(7,0,1) and C=(-2,3,4)
AB=/(1—=7)2 + (2—0)2 + (3 — 1)2
=36 + 4 + 4 =44 =2V11
BC=/(7 +2)2 + (0 —3)2 + (1 — 4)2
=81+ 9 +9=v99=3V11
AC=\/(1+2)2+(2-3)2+(3—-4)2=\9+1+1
=11
AB+AC =2v/11+V11 =3v11 =BC
~ A,B,C are collinear.
5. Find the coordinated of vertex C of AABC, if its
centroid is origin and the vertices A,B are (1,1,1)
and (-2,4,1) respectively.
Sol: Let A(1,1,1); B(-2,4,1) C(x,y,2)
Given centroid (0,0,0)

1-2+x 1+4+y 1+1+z
( 3 ’ 3 )
~C(1,-5,-2)

6.1f (3,2,-1)(4,1,1) and (6,2,5) are three vertices
and (4,2,2) is a centroid of tetrahedron . find the
fourth vertex.

Sol: Let (3,2,-1)(4,1,1) (6,2,5) and (x,y,z) be the
vertices of the tetrahedron

Centroid = (4,2,2)
3+4+6+x 2+1+2+y —1+4+1+5+2

) =(0,0,0)

(rorr Zrltany SIS 2(4,2,2)
13+x 5+y 5+z
:4; - - :2' - :2;
4 4 4
13+x=16; 5+y=8; 5+z=8
X=3; y=3; z=3

~Forth vertex = (3,3,3)

7. Find the distance between the midpoint of line
segment AB and the point(3,-1,2) where A=(6,3,-4)
and B=(-2,-1,2)

Sol: A=(6,3,-4); B=(-2,-1,2);
midpoint of ABis Q =[62;2,%,—42+2
Distance between mid Q and P
PQ=/(3—2)2+ (-1 -0)% + (2 + 1)?

8. The three consecutive vertices of a
parallelogram are given as (2,4,-1)(3,6,-1){4,5,1).
Find the fourth vertex.

Sol: Let the parallelogram is ABCD

A=(2,4,-1); B=(3,6,-1); C=(4,5,1); D=(a,b,c)

Midpoint of AC= Midpoint of BD
(EHd 445 L4l 3va 6+h —lvc
27 27 2 '"Y27 27 2

P=(3,-1,2)
1=(2,1,-1)

)

3+a_, 6+b —1+4c_

—=3,—=9, =0
2 2 2
A=3; b=3; c=1
~Forth vertex is D= (3,3,1)

&*&
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17. DIRECTION COSINES AND DIRECTION RATIOS
Short Answer questions
1.If the line makes angles «, 8, ywith the +ve
directions of x,y,z axes. What is the value of
sin?a+sin?B+sin?y
Sol: sina+sin? B+sin?y=1-cos?a+1-cosf+1-cos?y
=3-(cos?a+cosP+cos?y) =3-1=2
2. What are the direction cosine of the line joining
the points(-4,1,7) and (2,-3,2)
Sol: Let A=(-4,1,7) B=(2,-3,2)
Direction ratios of AB are =(2+4:-3-1:2-7)=(6:-4:-5)
=-6:4:5
Direction cosines of AB are
-6 4 5
[J(—s)z +42+452" \[(—6)2+42+52" \[(-6)2+42+52
7 7 7
3. 1f (6,10,10)(1,0,-5)(6,-10,1) are thee vertices of a
triangle. Find the direction ratios of its sides. Also
show that it is a right angle triangle.
Sol: Let A(6,10,10) B(1,0,-5) C(6,-10,0)
Direction ratio of AB = (1-6,0-10,-5-10)
=(-5,-10,-15)=(1,2,3)
Direction ratio of BC =(6-1,0-10, 05)
=(5,-10,5)=(1,-2,1)
Direction ratio of CA =(6-6,-10-10,0-10)
=(0,-20,-10)=(0,2,1)
(1)(2)+2(-2)+3(1) =1-4+3=0
LABC =90°:~. AABC s right angled triangle.
4. Find the ratio in which the XZ-plane divides the
line joining A(-2,3,4) and B(1,2,3)
Sol: Lat A(-2,3,4) B(1,2,3)
The ratio in which the XZ plane divides AB
-Yiiyz ie., -3:2
~ A(-2,3,4) B(1,2,3) divides in the ratio -3: 2
_T3x1+2x-2 —3x2+2x3 —3x3+2x4 =2 =70 - ) ~(7,0,1)

-3+2 7 —3+2 —3+2 —1—1-1
5. Show that the lines PQ and RS are parallel, if

P=(2,3,4); Q=(4,7,8) R=(-1,-2,1) $=91,2,5)
Sol: Direction ratio of PQ =(4-2,7-3,8-4)
=(2,4,4)=(1,2,2)
Direction ratio of RS =(1+1,2+2,5-1)
=(2,4,4)=(1,2,2)

’

~PQ=RS

PQ and RS are parallel.

Essay questions

6. Find the direction cosines two lines which are
connected by its relation l+m+n=0 and
mn-2nl-2Im=0

Sol:Let l+m+n=0 ...(1)

2Im-mn+2nl=0

|=-m-n

2m(-m-n}-mn+2n{-m-n)=0
-2m?-2mn-mn-2mn-2n?=0

-2m?-5mn-2n2=0
2m2+5mn+2n%=0

(2m+n)(m+2n) =0 >m=- g Or-2n

Ifm=-2then I= %—n=-2

If m=-2n then I=+2n-n=n
[:m:n=n:-2n:n=1:-2:1
~Direction cosines of the lines are
1 1 -2 1 -2
[\/—gl ﬁ: ﬁ) and [\/—g ﬁ: ﬁ)
If 8 is the acute angle between the lines, then
2 2,3 1

cos 6 [— +2-S)=_=2 ;= fO=cos™! % =60°
7. Find the dlrectlon cosines of two lines which are
connected by the relation | -5m+3n=0 and
70245m?-3n%=0
Sol: Let |1-5m+3n=0 ...(1)and
71245m?-3n%=0 ...(2)
[=5m-3n
7(5m — 3n)%+5m?-3n2=0
7(25m? + 9n? — 30mn )+5m?-3n%=0
180m?2-210mn+60n2=0
6m2-7mn+2n?=0
6mZ-4mn-3mn+2n?=0
2m(3m-2n)-n(3m-2n) =0
(3m-2n)(2m-n)=0
n=2m or 37m
3m

If n=37m then [=5m-3n=5m-3. -5

™3

~lmin=":m: 3—m=1:2:3
2 2
If n=2m then I=5m-6m=-m
~l:m:n=—m:m: 2m=-1:1:2
~. Direction cosine of the lines are
1 2 3

V12+22+32" V12+22+32 w/12+22+32] [\/_ \/_ «/_
-1 1 -1 1

[«/12+12+22’ Viz+12+22’ \/12+12+22] [\/—' Ve’ \/_]

8. Find the angle between the lines where

direction cosines are given by the equations

3l+m+5n=0 and 6mn-2nl+5Im=0

Sol: Let 3l+m+5n=0 ...(1)and
6mn-2nl+5Im=0 ...(2)

m=-31-5n

6n(-3I-5n)-2nl+5I(-31-5n)=0

-18In-30n2-2nl-1512-25In=0

-15[2-30n2-45In=0

[243In+2n2=0

(I+n)(I+2n)=0

L=-n or -2n

If I=-n then m=3n-5n=-2n

I:m:n =-n:-2n:n=-1:-2:1=1:2:-1

If I=-2n then m=-3(-2n)-5n=n

I:m:n=-2n: n:n=-2:1:1=2:-1:-1

[ ——] and
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Direction cosines of the two lines are (1,2,-1) and
[2:'11'1}

If 8 is the acute angle between the lines, then
" (1)(2)+2(~1)+(-1)(-1)

VITaIyAFit]
_2-241 1

TVeve 6
= 6=c05‘1(%)

9. Find the angle between the lines where
direction cosines satisfy equations l+m+n=0;
1?+m?*-n?=0
Sol: Let l+#m+n=0 ...(1)

2+m%n?=0 ..(2)
=-m-n

(—m — n)2+m?-n?=0

m?+n? + 2mn+m?-n?=0

2m2+2mn=0=>2m(m+n)=0

m=0 or -n
If m=0 then |=-n
l:m:n=-n:0:n=-1:0:1=1:0:-1
If m=-n then |=0
l:m:n=0:-n:n=0:-1:1
if 8 is the acute angle between the lines, then
(CDO+o(-1)+(1)(1) _0-0+1 1
Vi+0+1V0+F1+1 VEE 2
= 6=cos'1(§]=60°
~angle between the lines is 60°or 120°
ANAN

cos B

20. Find the expansion of (i) Sin (A+ B -C)
(ii) cos(A- B -C) .
Sol: sin(A+B-C) =sin[(A+ B)-C]

I

=sin(A+B). cos C—cos(A-+B)sinC
=(sin A cos B+ cos Asin B)cos C

~(cos Acos B—sin Asin B)sinC

=sinA cosB cosC+cos A sinB cosC

—cos A cosB sinC+sinAsinB sinC
cos(A-B-C)

cos(A-B=C)=cos{(A-B)-C}
=cos(A —B)cosC+sin(A -B)sinC
= (cos A cos B+sin A sin B)cos€
+(sin A cosB cos A sinB}sinC

=cosAcosB cosC+sin A sinB cosC

+sinA cosB sinC—-cosAsin B sinC

VOCATIONAL BRIDGE COURSE
First Year - Paper —| (w.e.f. 2018-19)
MATHEMATICS SCHEME OF EXIMATION
(WEIGHTAGE)
Total Questions : 15
Time: 3 Hours Max.Marks: 75
Note: In section A — Answer all Questions
In section B — Answer any three Questions
Section—A 10x3=30
Note: i) Answer all the questions
i} Each question carries 3 marks.
. From Algebra 2. From Algebra
. From Calculus 4. From Calculus
. From Co-ordinate Geometry
. From Co-ordinate Geometry
. From Co-ordinate Geometry
. From Trigonometry
. From Trigonometry
10. From Trigonometry
Section—B 3x15=45
Note: i) Answer any 3 questions
i) Each question carries 15 marks.
11. From Algebra with internal choice
12. From Calculus with internal choice
13. From Co-ordinate Geometry with internal
choice
14. From Trigonometry with internal choice
15. I(a) = From Algebra
1(b) — From Calculus
OR
li(a} = from Co-ordinate Geometry

W oo~ W=
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II{b) — from Trigonometry
VOCATIONAL BRIDGE COURSE
MATHEMATICS - First Year (w.c.f. 2018-2019)
MODEL QUESTION PAPER
Max. Marks: 75

10x3=30

Time: 3 Hours

Section A
Note:
i) Answer all questions
ii) Each question carries 3 marks
1. Afunctionf: A = Bis defined by f ( x ) = x%+ x +1.
IfA=1{-2,-1,0,1, 2}, then find B.
2. If the vectors -3i+ 4 j + pkand gi+ 8 j + 6k are
collinear, then find p and g.

: 2x2-7x—4
sl =7
4. Find —~(————)

dx'cosx +sinx
5. A point P moves such that PA = PB where

A=(-3,2)and B =(0, 4) . Find the equation to the
locus of P.

6. Transform the line equation of the line x+y+2=0
into

(i) slope —intercept form (ii) intercept form

(iii) normal form.

7. The three consecutive vertices of a parallelogram
are given as (2,4, —1), (3,6,-1),(4,5,1). Find the
fourth vertex.

&. Simplify: sin 330°.cos120° + cos 210°.sin 300° .

; . 3C050+cos28
9. Simplity rer—————
10. If sinh x = 3/4, find cosh (2 x)
Section B 3x15 =45
Note:
i) Answer any 3 questions
ii) Each question carries 15 marks
11.l(a) Prove by mathematical induction.

124224324 +n2=n(n+1)(2n+1)

1 -2 3
I(b) |fA=[ 0 -1 4]find (anH™

-2 2 1
OR
1 a a2
Il{a) Prove that {1 b b2|=(a-b)(b-c)(c-a)
1 ¢ ¢

[I(b) If a=(1,-2,1); b=(2,1,1) and T=(1,2,-1) then
find [ax(bxT)|and |(ax b )xt|

sin{a+bx)—sin (a—bx)

12.I(a) Evaluate lim,._,q[ po ]

I(b) Find the derivative of x2+2x from first
principles.
OR
Il{a) Show that f(x) = m;;mm for x=0

2
bZ_aZ
== for x=0

where g and b are real constants, is continuous at x
=0

1i{b) Find the equations of tangent and normal to
the curve of y=x*-6x3+13x2-10x+5 at (0,5).
13 I{a) Find the foot of the perpendicular drawn
from the point (3,0) upon the straight line
5x+ 12y-41=0.

| (b) Find the equation to the straight line which
passes through {0, 0) and also the point of
intersection of the linesx+y+1=0and
2y-y+5=0

OR

11{a) When the axes are rotated through on
angle rt, find the transformed equation of
3x*+10xy+3y*=4.

li{b). If (6,10,10), (1, 0, -5), (6, —10, 0) are the
vertices of a triangle, find the direction ratios of its
sides. Also, show that it is a right angled triangle.

14.1(a) If sin(A + B)=% and cos(A — B)=§where

0<A<B< E then find sin 2A.

I(b) Solve sin™28 - cos@ =~

4
OR
li(a) If A+B+C = 180° then prove that
sin 2A -sin 2B+sin 2C =4cos Asin Bcos C
II(b) Solve V3 cos O+sin 8 = /2
151(a). Solve2x—-y+32z=9,x+y+2z=6,
X =y +z =2 by matrix inversion method.
I(b) .Find the equations of tangent and normal
to the curve of y=x*-6x>+13x2-10x+5 at (0,5).
OR
Il{a) Show that the equation
2x2-13xy-7y%+x+23y-6=0 represents a pair of
straight lines and also find the angle between and
the coordinates of the point of intersection of lines.

lI(b} Prove that

C0s% — + C08% — + c0S%2 — + cos? —=2
10 5 5 10

L

——-"HARD WORK IS SECRETE OF SUCCESS"-—-
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